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Preface 

This volume constitutes the proceedings of a workshop held in.honor of Professor Evry 
Schatzman, member of the AcadSmie des Sciences, who was retiring in 1989 from his 
position at the Centre National de la Recherche Scientifique. The goal of the meeting is 
spelled out in its title "Frontiers of Stellar Structure Theory": it was to discuss recent 
progress made in some of the areas of stellar physics to which Evry Schatzman has 
contributed most in recent years: mixing in stellar interiors, redistribution and loss of 
angular momentum. 

An informal committee (Annie Baglin, Jean Audouze and Jean-Paul Zahn) drafted 
the program in close collaboration with Evry Schatzman. They were joined by Marie- 
Jo Goupil, who took care of the local organization, and later of the proceedings. We 
chose les Houches as the meeting place because we knew that Evry Schatzman likes this 
wonderful setting very much, in the heart of the French Alps, where he has attended 
and organized several such workshops or summer schools. 

Forty colleagues, including a few graduate students, responded to the invitation; 
others wrote how much they regretted not being able to come. Letters came from all 
over the world, expressing thehigh consideration of our community for Evry Schatzman, 
as a scientist and as a man. 

We wish to thank all those who made this meeting possible: Professors Romestain 
and Boccara, the directors of the Ecole de Physique Th$orique des Houches, for offering 
their hospitality; the local staff, and particularly Annie Giomot, for their patience, their 
kindness and their efficiency in solving the day-to-day problems; the Centre National 
de la Recherche Scientifique, for its generous financial support, through the research 
programs "Dynamique des Fluides G$ophysiques et Astrophysiques" and "Structure 
Interne des Etoiles et des PlanStes GSantes". 

Finally, we express our warm thanks to the invited speakers and to all who, by 
their active and inspired participation, rendered this workshop so successful. We felt 
that their contributions should be shared by a larger number, and we are glad that 
Springer-Verlag agreed to publish these proceedings. 

Paris and Toulouse 
July 1990 

Marie-Jo Goupil and Jean-Paul Zahn 



P R O F E S S O R  E V R Y  S C H A T Z M A N  



E v r y  S c h a t z m a n :  a n e w  s t a r t  

For us scientists, re t i rement  has not necessarily the same implications as it has for 
many  other  people - who either fear it or long for it. During our entire professional 
life, we have the great privilege to organize ourselves as we wish, and when the moment  
comes to quit the "active" service, it often means tha t  we can drop at last some teaching 
or adminis t ra t ive  duties, and devote more t ime to the activity tha t  we cherish most ,  
namely research. 

We know Evry  Schatzman well enough to be convinced tha t  it is just  how he feels. 
For this reason we decided to hold a scientific meeting on the subjects which are the 
closest to his heart  since several years, and to which he has enormously contr ibuted 
himself. 

He told us that  it was Ot to  Struve who, in 1949, had a t t rac ted  his a t tent ion to the 
rotat ion of stars: why do massive main-sequence stars spin so fast, whereas solar- type 
stars are such slow rota tors?  The answer was obviously linked to the loss of ma t t e r  
by the stars,  as had been suggested by Fessenkov, but  the required mass  loss rates 
were incompat ible  with the observations. E. Schatzman unders tood the essentiel role 
of magnet ic  activity in this process: ma t t e r  is channelled by the magnet ic  field to a 
considerable distance of the star  (at what  we call now the Alvin  radius),  and it thus 
carries away much more angular  m o m e n t u m  as if it were released at the surface. He 
announced his discovery in 1959; since then, he kept on refining the theory, by linking 
together rotat ion,  magnet ic  field and turbulent  convection. 

He was also one of the first to recognize the impor tance  of the anomalies in chemical 
composit ion at the surface of stars. He thoroughly explored a first explanation,  that  
of nuclear reactions tr iggered by electromagnetic activity, and he rejected it when it 
became clear tha t  the energy requirements could not be met .  Then  he s tar ted to 
examine in detail the separat ion processes due to gravity and the radiat ion field, and he 
came to the conclusion that  these are so powerful tha t  they must  be inhibi ted by some 
other mechanism. We owe him the identification of this mechanism,  and that  is one of 
his outs tanding contributions to the theory of stellar structure:  according to him, it is 
turbulent  mixing generated by the differential rota t ion of the stars. 

A truly remarkable  convergence between the two subjects in which Evry  Schatzman 
has invested so much, it also emphasizes the impor tance  of rota t ion in stellar evolution! 

We believe tha t  this meeting in les Houches has helped to clarify some key points of 
that  exciting subject,  and to initiate some further  developments.  Moreover, it was for 
us the oppor tun i ty  to gather  around Evry, to wish him all the best for this new phase 
of his brilliant and fecond carreer, and to express him our grat i tude for what  he has 
taught  us and for what  he has given to us. 



L ' i n v i t a t i o n  au  Voyage  

en l 'honneur de Evry Schatzman 

par B6reng~re Dubrulle .... 
avec la complicit6 de Charles Baudelaire 

Astronome, mon fr~re 
Songe £ la douceur 
D'aller l£-haut sonder son coeur 
Sonder £ loisir 
Pour y d~couvrir 
Les myst~res de ses heurts. 
Le Soleil d 'aujourd'hui 
Pour ma th~orie a les  risques 
De ces traitres T Tauri 
Brillantes £ travers leur disque. 

L£, tout n'est qu'ordre et beaut~ 
Paradoxe, turbulence et myst~res inviol~s. 

Des bancs de Lithium 
Brass6s par convection 
Porteraient £ l'H61ium 
La botte de la d6pl6tion 
La dynamo toussive 
La couronne poussive 
Les supergranules, les plumes fractales, 
Tout y miroiterait 
Sous l'oeil discret 
De ma lampe frontale. 

L£, tout n'est qu'ordre et beaut6 
Paradoxe, turbulence et myst~res inviol6s. 



VII1 

Le champ magn6tique 
Affole ma boussole 
Les neutrinos mystiques 
Irradient mon piolet fol 
Les 6ruptions solaires 
Constellent ma lampe d'or 
Les myst~res solaires 
Sont encore des myst~res 
Mais le monde s'endort 
Dans sa chaude lumi~re. 

L£, tout n'est qu'ordre et beaut6 
Attends un peu, Evry, avant de tout expliquer! 
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I N T R O D U C T I O N  





ROTATION~ L I T H I U M  A N D  M I X I N G  * 

Evry Scha t zman  
Observatoire de Meudon 

92195 Meudon Cedex, France. 

Abs t rac t .  After a brief sketch of the lithium problem and a statement concerning 
the principles of its solution, the author presents the basic ideas : (1) the non-linear 
dynamo . The loss of magnetic energy is supposed to be due to buoyancy taking place 
in the neighborhood of the bottom of the convective zone. It is then assumed that 
the motion upwards of the flux tubes is taking place in a fluid having a high turbulent 
viscosity; (2) spin down. When carried into the equations describing the loss of angular 
momentum, with the assumption that the asymptotic value of the stellar wind is equal to 
the velocity of escape, it is found that the period of rotation increases like (1 + t/to) 3/4. 
Proofs of the law of spin-down are looked for :(i) in the differential rotation in the 
convective zone, (ii) in the statistical distribution of v sin/ for F stars, and (iii) in 
the distribution of the periods of rotation as a function of mass in the Hyades. It is 
shown that the available sample of F stars is not homogeneous and is probably made 
of at least two sub-groups with a very different characteristic time to of spin down. (3) 
pre-main sequence stars. It is suggested that electromagnetic braking begins during 
contraction along the Hayashi track when both a high dynamo number and a high 
magnetic Reynolds number characterize the properties of the outer layers. This leads to 
a relatively small velocity of rotation when reaching the main sequence, in contradiction 
with the observations in young clusters. (4) a consistent picture of lithium deficiency in 
late dwarfs is given, with lithium being carried to the level of nuclear processing by time 
dependent turbulent diffusion mixing. The high abundance of lithium in fast rotators 
in a Per is explained by the presence of the remnants of an accretion disk. 

1. W h a t  abou t  headache  ? 

The aim of this research has been, for many years, to build up a completely consistent 
theory connecting two different age effects : spin down of rotating stars and nuclear 
burning of light elements. During the last years, the amount of information concerning 
these two problems has considerably increased, and as well the number of theoretical 
papers. 

* The original title was "Rotation and Mixing or how to eliminate ad hoc assumptions and 
provide headaches to astrophysicists ?" 



The general aspect of the problem seems well clearcut : stars rotate more and more 
slowly with time (Schatzman, 1962; Kraft, 1967, 1969) and the surface abundance of 
lithium decreases: this is so well evident from the observations (Duncan and Jones, 
1983; Butler et al, 1987; Boesgaard et al, 1988a; Balachandran et a l ,  1988; Boesgaard 
et al, 1988b; Cayrel et al 1984; Boesgaard and Tripico, 1986; Soderblom and Stauffer, 
1984; Boesgaard, 1987; Hobbs and Pilachowski, 1986a; Hobbs and Pilachowski, 1986b; 
Spite et al,  1987; Garcia Lopez et al, 1988) that it is used as a measure of stellar age, in 
order to find the relation between age and rotation (Soderblom, 1983). However, there 
are shadows, fog and mist on this beautiful and simple landscape. What about the dip 
in lithium abundance found by Boesgaard and Tripico (1986) ? What about the high 
lithium surface abundance found by Balachandran et al (1988) in fast rotators in the 
young clusters a Per and the Pleiades ? What about the nuclear processing concerning 
lithium : only destruction or some production? 

What about pre-main sequence lithium burning : the kee to lithium deficiency 
(Bodenheimer, 1965; D'Antona and Mazzitelli, 1984) or just a step in stellar history 
(Schatzman, 1984; Baglin et al, 1985) ? I shall try in the following to give the answer 
to some of these questions. The main idea is to provide a tool, a theoretical framework, 
giving, in principle, the possibility in the future of a better and refined approach of the 
problems, which will have to be considered then in greater details. 

1.1. The lithium problem. 

The main question which will be considered here concerns the surface abundance 
of lithium in the Sun and stars. It will be assumed that lithium burning is due to the 
transport of lithium by turbulent diffusion mixing at the level where lithium is nuclearly 
processed. Turbulence being due to differential rotation, we are led immediately to study 
rotation and its time dependence, in order to build the proper tool to study lithium 
burning. 

After considering the physical problem of the source of macroscopic mixing in the 
radiative zone and its physical characteristics, we meet the mathematical problem of 
solving the equations. 

It is well known that parabolic partial differential equations are more difficult to 
handle than ordinary differential equations or hyperbolic partial differential equations. 
This is perhaps the reason for which so many important publications on stellar structure 
and evolution ignore the physics of 1nixing. Mixing in convective zones is such an obvious 
mechanism taking place almost instantaneously at the stellar life time scale, that there 
is a great temptation to explain lithium anomalies by pre-main sequence burning : at 
least, this is the explanation which I can give to the attachment, for example in the 
paper of Balachandran et al (1988) to Bodenheimer's paper (1965). If the reader would 
allow me to be critical, it was quite natural, in 1965, to try to explain lithium anomalies 
by pre-maln sequence evolution. It seems more difficult to understand it in 1989, when 
the large amount of informations on age effect on lithium abundances has now been 
collected and I even found surprising the last attempt of D'Antona and Mazzitelh (1984) 
to carry the same approach. On the contrary, the recent work of Proffitt and Michaud 
(1989) on the contribution of pre-main sequence burning to lithium abundance, without 
any attempt to explain everything all at once, seems to me to be an important and 



useful contribution.  Let me make the hypothesis that  the fear of macroscopic mixing is 
producing headache to many astrophysicists. 

Consistency seems to me to be the most impor tant  thing, and I shall try, in the 
following, to show the way to consistency, even if it is difficult to be consistent in a field 
where there are still so many unknowns ! 

1.2. Production or destruction ? 

This is a preliminary question. Does only li thium destruction take place, or is there 
any l i thium product ion at the surface of stars? I rule out here, naturally, the product ion 
of l i thium in red supergiants, which seems now well explained - at least in principle - 
by sudden heating during helium flash (Sackman et al, 1974) as I am concerned here 
only by main sequence and pre-main sequence stars. Spallation at the surface of stars, 
as the source of abundances anomalies, was in fashion in the early sixties, and has been 
extensively studied by Gradszta jn  et al (1965) and Bernas et al (1967). Later on, Canal 
(1974) among others, has shown that ,  due to the very small value of the spallation 
cross sections, compared to the elastic cross section of fast protons,  the explanation of 
abundance anomalies by spallation was raising difficult energetic problems. Considering 
the recent work of Kocharov and co-workers (1988) on the product ion of elements at the 
surface of stars by cosmic rays generated during solar-like flares, it is necessary to look 
again to the problem. I shall examin here only the order of magni tude of this effect. 

The  spallation cross section, as given by Foshina et al (1984), is 

ai  = r r0  2 A Y  3 ( 1 -  T e )  , 

where r0 is the proton radius, A~ is the mass number  of the target nucleus i and Tp 
the nuclear t ransparency for protons. The actual cross section for the product ion of 7Li 
from 12C will be of the order of (1/6) of cri . In order of magnitude,  it will be sufficient 
to take Tp equal to 0. With r0 = 1.1 10 -13 cm this gives crl ~ 4. 10-27cm -2. The 
energy losses are given approximately by : 

dE N d z  = 2~rme c2e 4 NH l n ( ~ T )  , 

o r  

dE 
10-29NH 

dz 

We shall assume that  the energy loss is of the order of E ~ 1 GeV, and that  the 
abundance ratio of Carbon to Hydrogen is of the order of 10 -4. This gives a total  
number  of l i thium nuclei produced by each proton of energy E: 

lVc 
NLi -~ 0.001 E - -  

NH 

The total  number  of atoms of l i thium present in the convective zone, with 



(NLi/NH) ~ 10 -11 is of the order of 5. 10 s2. The energy flux of cosmic rays at the 
surface of the Sun being : 

/? = f ( E )  E d E  , 
mln 

where f ( E )  dE is the energy spectrum of the cosmic rays, we can write for the total  
number  of atoms of l i thium produced in a time t : 

NLi -~ 10 -z  -~ t , 

from which we derive the corresponding energy flux over 4.6 billions years: 

.~ = 3.7 10 al ergs cm -2 s -1 , 

which is about  six times the actual heat flux at the surface of the Sun. We shall conclude 
that  even the small number  of l i thium atoms presently visible at the surface of the Sun 
cannot have been produced by spallation . This is due to the efficiency of the stopping 
power of the solar plasma, to the small spallation cross section and to the very large size 
of the convective zone. The result would be very different if we had only to consider the 
solar atmosphere. With a mass per square centimeter 10 ~ times smaller, this represent 
an energy flux small compared to the solar heat flux and this is compatible with the 
presence of l i thium in the large flare of March 1989. 

1.3. Lithium as a function of time. 

This result brings us back to the problem of the time dependence of the abundance 
of lithium. Soderblom (1983) has well shown the correlation between age, rotation and 
li thium for late main sequence stars (from F to G spectral type) and the last results on 
l i thium abundance in open clusters clearly confirm this general tendency (Baglin and 
Lebreton, 1990). 

The problem is then to try to build a consistent picture, with the smallest possible 
number  of parameters.  This immediately raises several problems : 

- what is the origin of the macroscopic mixing ? I shall assume in the following 
that  the picture given by J.P. Zahn (1983a, 1983b, 1988) of the production of a 3-D 
turbulence is valid. The turbulent  diffusion coefficient depends then on the period of 
rotat ion of the star. As there is obviously a process of spin-down, the consequence is 
that  the turbulent  diffusion coefficient is t ime dependent.  Concerning the origin of the 
astrophysicist 's headache (APHA), I think that  one of the main problems today is to 
convince the scientific communauty that  t h e r e  is a turbulent  flow which is induced 
by the rotation. Pinsonneault  et al (1989) have taken into account the existence of 
this turbulent  flow. However, they did not give a full description of the physics of the 
turbulent  mixing. 

- the spin down is related to the existence of a magnetic field at the surface of the 
star. What  is the value of the magnetic field, and what is its dependence on the period 
of rotat ion and on the characteristic parameters  of the star ? Answering these questions 
means developing the theory of a non linear stellar dynamo. Testing the dynamo theory 



is certainly of a great importance and is one of the ways of healing the headache even 
if the theory is exceedingly simplified. 

2. T h e  n o n  l i n e a r  d y n a m o .  

The principle of the method is the following: 
(1) assume a rate of growth of the magnetic field given by the linear theory; 
(2) introduce a non-linear effect which will limit the growth of the magnetic field; in 

the present case, it will be considered that  the limitation by buoyancy effect is the best 
assumption; 

(3) the question now is to decide about the magnitude of the magnetic field and 
the size of the flux tubes on which the buoyancy acts. There is presently no way of 
determining these quantities from pure theoretical arguments.  Some observations, the 
interpretat ion of solar magnetic activity, are guides which can help in making the proper  
choices. It is then necessary to justify them. I shall give a few simple arguments which 
have to be considered rather  like anticipating on a theory to come than as real theoretical 
arguments.  

(4) as we shall see, the astrophysical consequences, which will be presented in the 
next sections are in reasonable and even in good agreement with the observations. 
However, we shall keep in mind that ,  due to the very large number  of parameters  which 
are involved, it is not possible to state that  nice astrophysical arguments are proving a 
physical theory, especially when it is so crude. 

We start  from the a - w  dynamo equations in the spherical case. The vector potential  
A has only ¢ components,  and the poloidal field Bp is given by : 

Bp = (V × A e¢) 

We have then for Be and A¢ ( dropping the index ¢ ) , 

OB 
Ot = s (Vw × VA)¢ + s -1 V~?T.V~ B + ~/T (V 2 - s -2)  B , 

OA 
0 t  - -  o~B + r l T  ( V  2 -- 8 -2 ) A , 

where 8 = r sin8 is the distance to the axis of rotat ion , and a is the usual estimate 
(e.g. Moffatt, 1978, 1984), 

1 W IT 2 

3 Hp 

We are not so much interested by an exact solution of the rate of growth of the magnetic 
field. In order to obtMn an order of magni tude of the rate of growth, we shall replace 
the derivatives with respect to 8 and r respectively by iw and i (q/R) . Assuming 
B o¢ A o¢ exp(pt) we obtain, 



p B =  

(q2 1) 
p A  = a B  + TIT R 2 R2 R2 A 

The m a x i m u m  of p is reached for q = 0, 

( W 2 - -  2 -(10/3) O~ Or ~T2J  

and 

Ow iq q2 B B w 2 B  
i w A  -~r + - ~  B 77T -- ~T - ~  -- 7IT - ~  -- ~IT R2 , 

p--~ R2 . 3 .  2 -(1°/3) a Or tiT 2 

We shall now consider the ra te  of losses. We shall write tha t  the ra te  of loss of magnet ic  
energy density is defined by buoyancy effects. We shall assume tha t  the magnet ic  flux 
tubes have a tendency to move up and we shall consider the t ime scale of losses as 
defined by the t ime scale of buoyancy effect at the bo t t om of the convective zone. This 
problem has been considered for example by Schfissler (1977, 1979), after Parker  (1975, 
1977). However, they use the classical expression describing the motion of a cylinder 
in a low viscosity fluid. When the Reynolds number  ( a v / u )  is large, the friction of the 
cylinder is due to the turbulent  flow generated by the motion of the cylinder in the fluid, 
and the resistance per unit surface of the cylinder is proport ional  to pv ~. We shall here 
also consider a cylindrical flux tube  like a solid cylinder, but  we shall suppose that ,  due 
to the turbulent  flow in the convective zone, the viscosity of the fluid is very high. It 
is then possible to use the expression (Lamb,  1932) of the force acting on a cylinder 
moving in a viscous fluid at a velocity u . The rate  of losses of magnetic  energy is 
determined by the t ime scale of the ascending motion of the cylinder. The rate is of the 
order of ( u / H )  , where u is the velocity of the cylinder at the bo t t om of the convective 
zone and H is the vertical scale height. We have then for the rate  of losses PL : 

PL -- H - g 8~rP 47r~/T -- 7 -- in ka -~ , 

where ~/is the Euler constant ,  (B 2/87rP) expresses the relative density deficiency ( A p / p )  
in the flux tube, ~?T is the turbulent  viscosity, a the radius of the cylinder, and 

/~ a ~ -  

is supposed to be a small quantity. 
We shall assume , following Schatzman and Ribes (1987) tha t ,  inside the dynamo 

active region, close to the bo t t om  of the convective zone, the flux tube collapses into 
fibrils or ropes of radius a. Three arguments  are in favour of a high magnet ic  field 
there. The first one is based on flux conservation and hydromagnet ic  equilibrium. 
Ext rapola t ing  f rom the surface of the Sun, where we see the sunspots,  to the bo t t om 
of the convective zone, we must  conserve the flux B a 2 , the ma t t e r  p a 2, and keep the 



pressure equilibrium. This provides a ratio (a/ao)  of the radius of the fibril inside the 
convective zone to the radius near the surface which is given approximately by 

o ( " 
a0 ~p0T0 8-~J \P0  / ' 

where ~ is the gas constant.  For a surface magnetic field of the order of 3000 Gauss, 
this gives at the bot tom of the convective zone some thing of the order of 3.106 Gauss. 

The second evidence comes from the analysis of the frequency splitting of the 
pressure modes by Dziembowski et al (1989) which gives, somewhere near the bo t tom of 
the convective zone magnetic fields of the order of a few million gauss in a very narrow 
region. 

The third argument is a theoretical one. As summarized by Schiissler (1983), the 
magnetic field generated by the hydrogen convective zone dynamo is likely to be expelled 
just below the convective zone. This lead Schmitt and Schiissler (1989) to describe a 
dynamo confined to the bo t tom of the convective zone. 

As we are concerned here by averages at a scale of several million years and not by 
shorter scales as the solar cycle, we shall finally write for the non linear dynamo,  

2p = PL 

the factor 2 coming from the fact that  p concerns the rate of growth of the magnetic 
field and PL the rate of losses of the magnetic energy. At this point, we just have to 
estimate properly the buoyancy effect. 

We shall consider a local rate of losses due to buoyancy, which means that  we assume 
that  the magnetic field can find its way towards the surface of the star. The  local rate 
of losses will be defined by the ratio of the upwards velocity due to buoyancy to a 
characteristic length, which we will ult imately take as Hp .  

In order to find the characteristic time, we must take into account the fact that  the 
dynamo theory gives an idea of the mean magnetic field, whereas we have to remember  
after looking to the solar properties that  very likely the magnetic field divides itself into 
fibrils. The  t ime scale of the buoyancy effect should be determined by the size of the 
fibrils and the strength of the magnetic field inside the fibrils. 

We shall see, when writing the rate of loss of angular momentum,  that  we need to 
know the mean square value of the magnetic field at the surface of the star. On the other 
hand, we need also to know the relation between the magnetic field < B 2 > as given 
by the dynamo model and the magnetic field inside the tube  of force which experiences 
the buoyancy. We have shown that  the magnetic field inside the fibrils, which we call 
B f ,  gives a magnetic pressure comparable to the gas pressure outside the fibrils. We 
then assume flux conservation, so that  the total flux at the surface of the star is equal 
to the total  flux in the fibrils. The flux in the fibrils is of the order of r R a Bf ;  at the 
surface, half of the flux is an outgoing flux. We then have for the mean square value of 
the stellar surface field B* : 

4 r2R 4 < B .2 > =  8¢r PG r 2 R 2 a  2 , 
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or 
a 2 ~ R 2 

then, the rate  of losses is : 

< B .2 > R 2 

PL --- g 32~'Pv HyT 

< B .2 > 

87rP G 

Replacing (Ow/Or) by (Aw/H) ,  where H is the scale of the convective zone, and Aw 
the variat ion of w over the convective zone we have: 

1 dB 2 (1  w l T  ~ ^  ~2/3 < B  .2 > r 2 1 
S 2 d ~ -  2 , 3  -H~ ~,wj 71T - 1 / ~ - C g  32~rPa T/T H 

Growth,  as well as losses, have a t ime scale much shorter than  the evolution t ime 
scale. We can write (dB2/dt) = 0 and we obtain  then < B .2 > : 

64 wPo ~T H 
( B .2 > =  7IT -1/3 g r 2 C Hp lT2 Aw 

We still need to obtain the values of Aw and of C. We shall write that  the Coriolis 
force in the convective zone is balanced by the viscous shear flow associated with Aw : 

YT Aw 
2 ( U T × W ) =  

H 

If  we consider tha t  the supergranulat ion is providing the largest contr ibution to the 
Coriolis force, we obtain  : 

1 d 2 
< U T × W > - -  6 R2 UTW 

where d is the radius of the supergranulat ion cells. We then obtain the equation for ka 
and can derive the value of C. We can consider that  we have the model  of the non-linear 
dynamo.  

We have now to relate the value of B* to the ra te  of loss of angular  m o m e n t u m ,  to 
the l i thium burning and to show tha t  the observations can be explained quanti tat ively 
by this model.  

3. Loss o f  angular m o m e n t u m .  

The loss of angular  m o m e n t u m  depends on the ra te  of mass loss and on the Alfvenic 
distance, distance at which the loss of angular  m o m e n t u m  takes place. It depends also 
on the s t ructure  of the surface magnet ic  field (dipole, quadrupole,  or something else), 
as shown by Roxburgh (1983) and by Mestel and Spruit (1987). In the solar case, with 
a magnet ic  fields of a few thousand gauss in sunspots,  the magnet ic  field of the sys tem 
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of dipolar sunspots is larger than the magnetic field of the solar dipole. The angular 
dependence of the dynamo can be est imated by considering the quanti ty w , which is : 

w =  2 -s/3 ( 1  w2lT2d 2 UT R2~ 1/3 

He -4fi / 
With the solar values, we obtain w ~ 1.7 which is quite close to the actual poloidal 

scale, which corresponds to w -~ 2. The meridional s t ructure for faster rotators,  which 
decreases like w -(2/3), is obviously smaller. In such conditions, it seems difficult to 
establish clearly the power of w which is involved, according to Roxburgh (1983) and to 
Mestel and Spruit (1987), in the process of angular momentum loss. This is the reason 
for which I shall prefer the formulation of Durney and Latour  (1978) , who assume 
that ,  in the stellar wind, the magnetic field decreases like r -2 and that  the asymptotic  
velocity of the stellar wind equals the escape velocity from the star. It has the advantage 
that  it eliminates the rate of mass loss, and is writ ten : 

d 2 )2(_G~M_) -1/2 
KMR2w = - ~  (B*R 2 w 

where K M R  ~ is the angular momentum.  Assuming solid body rotat ion,  we derive the 
expression for the rate of decrease of the angular velocity : 

d_~_w = 1 128~r 1 PG -~ ~ (1r 2 UT) 2/3 
wT/3 dt K M  3 g 

It is clear that  the right handside is only model dependent,  and for main sequence 
stars depends mainly on the mass and is a little t ime dependent through the change of 
luminosity and depth of the convective zone. 

The logarithmic dependence of C upon (ka) gives an easy possibility of estimating 
its value . 

3.1 Size of the super granulation. 

In order to check the validity of this formulae, we shall first consider the Sun and 
shall derive, from the present rate of loss of angular momentum,  the size of the cells of 
the supergranulation. From standard description of the convective zone we derive the 
following estimate of the turbulent  velocity near the bo t tom of the convective zone : 

F¢onv = Ftot~l --'~ 20 p u~ 

With w ~ 3. l0 s, (1/w)(d~/dt) ~ (10°years) -1,  C = 25, K = (1/14) we obtain 

d ~ 7000 km , 

which is a reasonable and unexpectedly correct value. 
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3.2 Periods of rotation as an age effect. 

Let us write the rate of loss of angular momentum : 

1 dw 
wT/3 dt = - f ( M )  

The solution can be writ ten : 

or 

with 

4 ) -3/4 
w = Wo 1 + ~ f ( M )  0.,0 4/3 t 

t~) -3/4 
w--  w0 1 +  

t °  1 4 = -~ f ( M )  ¢Oo 4/3 

The question now is naturally to check the t -3/4 law, which differs from the 
Skumanich relation (1972). Bohugas et al (1986) have derived from the observational 
data  a t -3/4 law, and it is possible to fit the same law to the data  of Simon et al (1984) 
and of Benz et al (1984). However all these methods depend on the age determinat ion of 
the stars, and even the age determinat ion of open clusters is questionnable, as it depends 
on their absolute magnitude.  The age of the Pleiades has been recently multiplied by 2 
(Mazzei and Pizarro, 1989). 

The data  collected by Boesgaard and Tripico (1986) on field stars opens another 
possibility, as they can be interpreted as the combination of the distribution of the 
direction of the axis of rotat ion and of the age distribution with its influence on the 
velocity of rotat ion through the spin down effect. Let us assume that  all stars in a small 
spectral interval start  their life with the same initial equatorial velocity v0. 

What  is observed is a certain velocity v which can be writ ten : 

( v =  v0sini  l + t 0 ]  

The number  of stars in the velocity interval dv is proport ional  to the time spent 
with a given velocity . We then have the number  of stars in the interval di dv : 

d2 N -_ 1 Vo 1/3 dv sin4/3 i di 

3 ((1 + t lto) 1" - 1) v , ,  

where tl is the maximum time spent on the main sequence in a small spectral interval. 
It is necessary to integrate d2N with the condition of a given value of v, which gives : 

• . . v , 1 )  

1 voi/3dv / s m  z = m l n ( Q ~ 0  sin4~3 i d i  
d N -  3 v4/3 J s i n i = V  

VO 
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where Q = (1 + (tl/t0)) s/4 is related to the final equatorial velocity vl after the time tl 
spent on the main  sequence, vl = v0 Q-S/4.  

The  cumulat ive distr ibution function F(v) is obta ined by integrat ion f rom v = 0 to 
v = v. Obviously, for v small, F is proport ional  to v2: 

< < 1  14 v02 1 + - 1 for v 

Let us compare  the cumulat ive distr ibution function taken f rom the da ta  of Boesgaard 
and Tripico (1986) to the theoretical one (fig. 1). Assuming tha t  the characterist ic  t ime 
to is equal to 2.36 Gyr  for a life t ime of 3.3 . Gyr  on the main  sequence, this gives 
Q = 1.5. Wi th  an initial equatorial  velocity of 40 km s -1 this corresponds to a final 
equatorial  velocity of about  27 km s -1.  With  these numbers ,  and for small values of 
(v/v0), 

F -  0.78 (v /vo)  ~ 

This theoretical  curve is definitely below the observed cumulat ive distr ibution function. 
Measurements  of the equatorial  velocity has an observational  bias, the overes t imate  of 
the equatorial  velocity. This means tha t  after correction, the number  of slow ro ta tors  
would be even larger, increasing the discrepancy with the theoretical  curve. It  appears 
definitely tha t  there is a large excess of slow rota tors  among  the set of F stars  s tudied 
by Boesgaard and Tripico (1986). 

0 
0.0 

I J I I ] l y l  

, , 

0.1 tO 
Figure 1. The integrated histogram of v sin i for early F dwarfs (Boesgaard and Tripico, 
1986). Curve O represents the observations. Curves A and B represent the two populations 
(F0 to F4, and F5-F6) and curve C is the sum of curves A and B. 
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Without  the time dependence of the equatorial velocity, the situation is even worse. 
It is suggested here that  the sample of Boesgaard and Tripico is in fact made of two 
populations which we shall call A and B. Population A (fig. 1) is typical of F stars, 
with a slow rate of loss of angular momentum; it is assumed here that  it represents 
65% of the sample. Populat ion B (fig. 1) is made of stars reaching the main sequence 
with a lower velocity (e.g. 20 km s -1) and having a much larger rate of loss of angular 
momentum,  with Q = 4. This represents a ratio of the life t ime on the main sequence 
to the time scale of angular momentum loss tl/to = 5.34 . This value corresponds to 
late F type stars. It is assumed here that  it represents 35% of the sample in agreement 
with the list of Boesgaard and Tripico. Curve C (fig. 1) is the addition of curve A and 
B and seems to fit the observed cumulative distribution function (fig. 1). 

3.3 Periods of rotation as a function of mass. 

This is a test of the quality of the function f(M) of the mass which determines the 
time scale to of the rate of loss of the angular momentum. In order to carry the scaling 
of the function f(M) we assume a principle of self-similarity , and write : 

Rs/2 r 2 (R r) 4/3 L2/gr4/gP2/9 

We have checked that  f(M) gives a correct solar value. For the low mass stars, there is 
an asymptotic  value of the period of rotat ion which is independent of the initial value. 
This approximation is not valid when the time scale of the spin down is comparable to 
the life time of the stars. 

With the stellar envelopes calculated by A. Baglin (1988), it is possible to obtain 
the values of f(M) and, assuming a uniform initial period P0 = 3 days, the following 
distribution of the actual periods (table 1 and fig. 2) . 

Table I 

Periods of rotation and spin down 

M Teff L f/f(0.9) P to 

solar units solar units days IO s years 

0.9 5140 0.37 1 11 2.3 

1 5530 0.62 0.766 9.37 3 

1.1 5870 0.95 0.513 7.49 4.5 

1.2 6160 1.48 0.155 4.50 14 

3* 

* asymptotic value 

We shall consider at this point that  the expression of the function f(M) can be 
considered as a reasonable basis for studying the evolution of rotating stars. 
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4. S p i n  d o w n  o f  p r e - m a i n  s e q u e n c e  s t a r s .  

We shall follow here the presentat ion of Schatzman (1989). 
P re -main  sequence stars  are fully convective and the scaling based on the size of 

the convective zone is not any more possible . In order to es t imate  the characteris t ic  
magnet ic  field, we shall consider the depth at which the dynamo is the most  efficient. 
In an entirely convective star,  we can expect a s t ructure  in depth  of the magnet ic  field. 

I0. 

5 

I I 
Pdays 

x ~ 

• • 0 ° 

0 t I 
6500 6000 5500 5000 

Figure  2. The periods of rotation as a function of mass in the Hyades. The observational 
points are from Rebolo et al (1988). Black circles correspond to observed periods. 

This  can be related to the scaling of the (c~w) dynamo term,  

1 dlno3 r 03 /,4 
- -  w Z t u r b  
12 dt ?IT ~ T  2 
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In the outer part  of the star, the scaie height Hturb behaves like r2T, the tempera ture  
is proport ional  to R - r,  and the derivative with respect to r of the (aw) t e rm has 
a maximum at r -- 0.8 R. The corresponding pressure scale height is Hp ~- 0.08 R. 
Introducing these values in the expressions for the increased rate of the magnetic field, 
it is possible to obtain an order of magni tude : 

< B 2 > =  71.6 C Hturb ¢V PG 

We can calculate the constant C of the buoyancy, assuming a period of 4 days and a 
t ime scale of the spin down of 0.5 Gyr. We obtain for the m.s.r, of the surface magnetic 
field 230 R .1/2 gauss, which is in agreement with the values given by Shu et al (1988) in 
their model of T Tau stars. If we carry these expressions into the equation which gives 
the rate of loss of angular momentum,  we obtain the following solution. Introducing 
the initial angular velocity and the radius Ri of the star when the dynamo turns on we 
obtain for a one solar mass star : 

w - - w l  1 ÷  0.653 1 -  \ R 0 )  ) 

w is the angular velocity at the end of the Hayashi track. Beyond that  point~ it is 
necessary to take into account the evolution of the momentum of inertia, which becomes 
smaller, when the star becomes mainly in radiative equilibrium. We have assumed a 
time dependence of the radius r ~ t -°'155, as derived from the tables of D'Antona and 
Mazzitelli (1984). As we can see, there is a slow decrease of the angular velocity during 
the contraction, which in fact means a considerable loss of angular momentum. For 
an initial radius of 8 solar radii, an initial angular velocity given by the condition of 
rotat ional  breaking, we obtain, when the star reaches the solar radius~ an equatorial 
velocity of 17 km s -1. All these numbers are reasonable, and show that  with this model 
we are on the right track. 

The question, at this point, is to determine the radius at which, during the 
contraction, the dynamo turns on. 

From the point of view of a logical argument,  it is absolutely necessary to have a 
start  of the dynamo. If the dynamo had been working from the very early beginning 
of the pre-main sequence phase, it would be difficult to explain stellar rotation. On the 
other hand, an accretion disk like those present in T Tau stars (see for example the 
paper of Bertout  et al, 1988) could provide angular momentum and compensate the 
losses : this is the point of view of Shu et al (1988). However, all pre-main sequence 
stars do not have accretion disk. 

I have suggested (Schatzman, 1989) that the appearance of the magnetic field at 
the surface of the star and, consequently, the beginning of electromagnetic braking, is 
possible if two conditions are fulfilled : 

(i) the dynamo number  should be larger than 1 
(ii) the magnetic Reynolds number should be larger than 30 (J. Leorat,  1975). 
This last condition means that  the electric conductivity is such that  the electric 

currents generated by the dynamo process are not dissipated by Joule effect. 
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A critical proper ty  of stellar mat ter  has to be taken into account : above 104K, the 
mat ter  is fully ionized and is a good conductor; below, the free electrons are provided 
only by the metals and the conductivity of the mat te r  is 105 smaller. 

I suggest that  these physical conditions are satisfied when the level on which the 
dynamo condition is fulfilled is also the level where the condition on the magnetic 
Reynolds number becomes valid, at a tempera ture  of 10000K . This can be turned into 
a condition on the equatorial velocity. The dynamo mechanism becomes efficient when 

Vequ > 125 km s -1 L *-1/4 M .7/3 

If the velocity is smaller, the region where the dynamo number  is larger than one, 
Ndynamo > 1, falls into the region where the magnetic Reynolds number  is small. 
Therefore, the dynamo mechanism cannot be operating near the stellar surface, no 
magnetic field will appear  at the surface, and no electromagnetic braking will take 
place. Conversely, if the equatorial velocity is large enough, the dynamo turns on and 
the electromagnetic braking starts. 

5. L i t h i u m  b u r n i n g .  

In some sense, all what is written above has only one purpose : explaining the 
li thium deficiency in the low main sequence stars. What  we have to take into account 
here, is that  the turbulent  diffusion coefficient is t ime and space dependent ,  and that  
the local rate of l i thium burning is space dependent.  The general indications which 
can be obtained from a constant diffusion coefficient, and with the use of simplified 
boundary  conditions are not valid, and moreover, it has been shown by Baglin and 
Lebreton (1990) that  they do not fit with the observations. The main problem is to fit 
the mass dependence of l i thium burning with the observations. 

5.1. An analytical approach. 

In principle, only a numerical solution of the diffusion equations could provide the 
final answer to this question. However, it is worth to try an approximate analytical 
solution. It will be, anyhow , an indication of validity of the model. 

The expression of the turbulent  diffusion coefficient given by Zahn (1988) will be 
used, neglecting the possible effect of the inversion of the direction of the circulation, 
which - anyhow - would take place in the convective zone and therefore would not have 
any influence on the mixing process. We write : 

1 L ~2 r~ 1 
D T -  5 G 2 M 3 AV (5.1) 

Should we take into account the reversal of the circulation at the level where the quanti ty 
(w2/2~rGp) becomes equal to one ? We ignore the factor 

1 ~.~2 
2-~-G p ) 
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which is of importance only if the convective zone is very shallow. The validity of 
this factor, according to a remark of Zahn (1989) deserves some discussion. Anyhow, 
we shall assume a t ime dependence of w, resulting from the theory of the spin-down, 
w o¢ (1 + (t/to)) -~/4. We shall show that  a solution of the diffusion equation, inspired 
by the WKB method is a reasonable approximation. 

Let us recall before that  the simplified method which has been used by Schatzman 
(1981) and by Schatzman and Maeder (1981) consists in assuming that  at a certain 
level the li thium concentration vanishes. With a distance h from the bot tom of the 
convective zone to the l i thium burning level, a turbulent  diffusion coefficient DT, and 
a concentration decreasing exponentially, c = co e x p ( - p t ) ,  p is a solution of the 
eigenvalue equation : 

h (5.2) 
tg V L)-T-- Hp  

Whereas it can be shown that  equation (5.2) gives a satisfactory order of magnitude for 
p , this model is obviously not valid when the bot tom of the convective zone becomes 
close to the l i thium burning level. Equation (5.2) is derived from a too much simplified 
model to give properly the behaviour of p as a function of mass. The tempera ture  
dependence of the rate of l i thium burning around 2. 10SK, dc/dt <x T N with N ~ 25 
means that  the concentration does not vanish at a well defined level. The diffusion 
equation must include the term of chemical reactions : 

0% Oc 
DT Oz ~ -- Ot + K(z) c (5.3) 

In principle, only numerical solutions are significant. However, equations of this 
kind are frequently met in physics, and are usually solved analytically by the WKB 
approximation.  This implies that  the vertical scale heigh Oz/Olnc is small compared to 
the scale of DT(Z) and K(z). However, even when this quanti ty is not fullfilled, the 
WKB approximation is not far from the exact solution. 

The next question concerns the time dependence of DT. With the expression (5.1) 
the w 2 term gives a dependence in (1 + (t/to)) -3/2. We must also notice that  we have 
an r dependence almost exactly in r e in the small interval from the bot tom of the 
convective zone to the burning level of lithium. AV vanishes at the boundary. This is 
not the source of any singularity. It grows quickly to a value of the order of 0.15 which 
we shall use. In the integral f DT 1/2 dr, the contribution of the region where AV is 
small is negligible. 

Coming back to the diffusion equation which we write more explicitly in spherical 
coordinates : 

1 0 (  Oc) Oc 
r 2 0 r  r2DT p ~ = p O / +  K ( r )  p c  , (5.4) 

where K ( r )  includes the pX factor, X being the abundance of hydrogen. With an r ° 
law for DT, the method consists in trying a solution of the form c --- r'~¢. 

The  equation becomes : 

02¢ ( 2 n / 8  dlnp~ 0 ¢ + 1  ( n ( n + l )  d l n p ,  1 (9¢ K 
r 2 ~- - + dr /-~r r +n--~-r ) ¢ -  DT Ot+--~T ¢ . (5.5) 



With the choice n = -4 - (1/2)(dnp/dnr)  it turns out that the ( l / r 2 )  term is then 
negligible. Proceeding with a WKB solution of the form exp(-pt), where p is supposed 
to be a slowly varying function of t ,  the $ equation reduces to 

The approximate WKB solution for p > K is 

DT 1 I 4  

$ = (-) ( A  cos @ + B sin a) 

with 

where r l  is the lower boundary of the convective zone. 
For p < K ,  

with 

where r a  is the radius where K - p = 0 
The boundary conditions are : 
-at the bottom of the convective zone, there is continuity in the flux of the test 

element. If we assume that the density law in the convective zone can be written 
p cc (R - r)a we have : 

where H p  is a measure of the mass per unit surface in the convective zone. The second 
term on the right represents the rate of lithium burning in the convective zone; pl is 
the rate of burning at the bottom of the convective zone. In practice a = 1.5, N = 25 
which for the coefficient in the right hand side gives the value (1111). 

- at  the boundary (p - K )  = 0, there is a continuity of c and its derivative : 

We have to fit the solutions (5.7) and (5.9) at the boundary r = r2 . Introducing the 
notations : 
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and taking into account Jeffrey's connection formula (Heading, 
relation: 

Hp a ) 
( 7r) x -  V / ~ -  a) + ~-1 11 

- x  - V / ~  - a ) -  ~(  11 

An approximate  expression of 02 is : 

1962), we obtain the 

(5.14) 

(.Z a) 
q =  1-1 

The  relation (5.16) shows little sensitivity to the value of q, and this gives the possibility 
of ignoring the effect of the presence of a in the expression of q. 

Let us now consider the numerical  values. The  first point concerns the value of the 
quant i ty  H p ,  which in fact is a measure  of the amount  of l i thium which is stored in the 
convective zone. The approximat ion of the plane parallel convective zone is not valid, 
and the real value of Hp is not ~T/g~.  
of the convective zone, we have : 

H =  2 ( R - r 1 )  + 35 r l  3 ~  rl  

For 7 = 5/3, and a radius r l  of the boundary  

which, in the solar case gives for an adiabatic  convective zone : 

H = 0.454 ( R -  r l )  , 

which has to be compared  to the relation between the pressure scale height and the 
thickness of an adiabat ic  surface convective zone : 

4 rl  ( R - r 1 )  
H p -  10 R 

[ a =  x 1 + ~ - ~  - + arctan x - x/x + q "~ ] -N 

with 

02 = ~ / ~  dr ~ H--p v ~  - 1 , (5.15) 
2 

zl is defined in the following way. Assuming a linear relation between the t empera tu re  
and the distance z to a reference level , which may be different f rom the surface of the 
s tar  , we obtain the relation : 

---- ~ 4 
Hp Rad 

As a turns out to be small, or small compared  to x, the relation between a and x can 
be writ ten : 
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With  the relation (5.13), changing Hp into the new H ,  using an interpolat ion formula  

x 
a"  m 

we obtain  : 

[( f0 * '  1 - m  2 t - - -  
pdt  = to X H-2(1-m)D1 1 - 1 + (5.17) 

\ A / (1 - 3m) ~0 " 

It  is either possible to introduce in this expression the present value D1 of the turbulent  
diffusion coefficient in the Sun and to derive the actual  depletion factor, or to derive 
f rom the actual  value of the depletion factor e -4 '~ the turbulent  diffusion coefficient and 
then to derive for example the initial period of rota t ion of the Sun. If we choose the 
second method,  we have : 

m = 0.260 

X = 4; A = 0.014088 , 

to = 0.3 Gyr  = 9.45 1015 s; t l  = 4.6Gyr 

T1 = 1.95 106 K; Pl = 0 . 1 8 g e m  -3 

and with 

o r  

p l =  plXi . i  8.0410s ( 8 . 4 7 1 )  
T92/3 exp T91/3 

Pl = 2.318 10 -20 

we find then D1 = 490. With  the expression of Zahn of the turbulent  diffusion 
coefficient, we obtain P1 = 26.6 days, and finally the initial period of ro ta t ion  P0 = 3.27 
days. It  must  be well kept in mind that  without  a detailed numerical  computa t ion ,  it is 
not possible to affirm tha t  there is a perfect fit between the theory and the observations.  
However, it is clear tha t  the solar value of the l i thium depletion puts  a strong constraint  
on the depth of the convective zone, which determines bo th  pl and H.  In the expression 
(5.17) the integral f p  dt = a varies like Zl 5"02 for m = 0.260. A variat ion of 10% on s 
or on other factors means a variation of zl of 2%, which gives an idea of the precision 
which is needed in the definition of the depth of the fully mixed region. 

5.2 The mass dependence. 

Let us consider the mass dependence of the exponent  in the exponential  which gives 
the deficiency, (c/co) = e x p ( - a ) .  It  seems at first look on equat ion (5.17) tha t  the most  
impor tan t  effect is the growth of the depth of the convective zone, which provides an 
increase of the t empera tu re  at the b o t t o m  of the convective zone for decreasing stellar 
masses. 

With  the tables of the outer  layers computed  by A. Baglin (1988), it is possible to 
calculate s(M* = 1) = 2.288. With  different values of the pa rame te r  X, A, and m 
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(X = 10, A = 0.3172 and m = 0.393), one finds s(M* -- 0.9) = 4.685. In this interval, 
s varies like M *-6's°. With a variation of the effective tempera ture  T~ff cc M *°'6° this 
gives for Tear -- 5560 K (M* = 1) and T~ff -- 5000 K respectively, 

( 5 5 6 0 K )  = 2 . 2 9  , 

s (5000K) = 7.63 

The corresponding depletions are respectively 0.101 and 0.000486 instead of 0.1 and 
0.001 (Cayrel et al, 1984; Boesgaard and Tripico~ 1986). This can be considered as a 
remarkable agreement,  if we remember the extreme tempera ture  sensitivity of pl~ the 
rate of destruction of l i thium at the bo t tom of the convective zone and the uncertainties 
of the internal s tructure models. 

5.3. Young clu~ter~ anomalies.  

The results of Stauffer et al (1988) and of Balachandran et al (1988) about  the 
young cluster a Per raise many questions. The presence, among fast rotators in a Pert 
of l i thium rich stars (Balachandran et al, 1988), the abundance being either cosmic or 
slightly deficient, is quite surprising. With an equatorial velocity as high as 100 times 
the solar one, the turbulent  diffusion coefficient should be 10 000 larger than the solar 
one. The time scale of l i thium burning would be of the order of 105 years, hundred 
times less than the age of the cluster. How can we explain the presence of l i thium with 
the cosmic abundance (or half of it) inside fast rotators ? 

We can consider several possibilities: 
(i) only the surface is rotat ing fast and the slow rotat ion inside is compatible with 

a slow depletion of lithium; however, this is contradictory with the fact that  the slow 
rotators in a Per are strongly deficient in lithium; 

(ii) the turbulent  diffusion coefficient vanishes in the radiative zone, at the level 
C where w 2 = 21rGp. We have to consider here two questions : (1) does that  level 
sit below the bot tom of the convective zone ? (2) the the radial component of the 
meridional circulation vanishes at the same level C but the lati tudinal component does 
not vanish. Does the turbulent  diffusion coefficient PT actually vanish ? The second 
derivative 02re~Or ~ vanishes at the level C and this is a well known condition of stability 
of the shear flow : this is the answer to the first question. The reversal of the meridional 
circulation takes place below the convective zone only for early spectral types. For a 
mass M* -~ 0.9, Teff = 5140 K, this would imply vequ > 230 km s -1. This means that  
for later spectral types, say for T~ff < 5200 K it is necessary to find another explanation 
(Table 2). 

(iii) the hypothesis of the presence of a disk (Schatzman, 1990) explains both the high 
equatorial velocity and the presence of lithium. The accreting disk provides both angular 
momentum and lithium. There is a balance between the loss of angular momentum due 
to electromagnetic breaking and the capture of angular momentum from the disk. The 
abundance of l i thium is then the result of a balance between the li thium brought by 
accretion and the fast destruction inside the star. If p is the rate of l i thium destruction, 
X7 the concentration in the disk, and XT* the concentration in the convective zone, 
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Depth 

Table 2 

of inversion of the meridional circulation, surface 

circular frequency and equatorial velocity. 

M* p(g cm -3) ~ ( s  -1)  Vequ(km s -1) 

1.2 6.18E-3 5.09E-5 38 

I.I 5.55E-2 1.52E-4 102 

1.0 1.85E-I 2.78E-4 167 

0.9  4.46E-1 4 .32E-4  232 

we have, using the elementary model of Schatzman (1981) and Schatzman and Maeder 
(1981), 

KF ~'~4/3 
X T * =  X7 2 , (5.18) 

47r R4 ( R )  p H p p - f - K F ~  4/3 

where --KF ~7/3 is the rate of loss of angular momentum.  For M* =- 0.9 with 
Teff = 5140 K, Hp = 4.21 109 cm, T1 = 2.33 106 K, p = 0.41 g c m  -3, one finds 
p = 4.63 10 -14 s -1 for an equatorial velocity of 200 km s -1 or ~ = 3.71 10 -4 s -1, and 
(XT*/XT) = 0.57; which is quite a reasonable value. 

From these quantities, it is possible to calculate the mass which has to be transferred 
from the disc to the star in order to satisfy the condition of conservation of angular 
momentum.  It is about  0.003 solar masses and is quite compatible with the order of 
magnitude given by Bertout  et al (1988). 

After the disappearence of the disc, the spin down process can start .  There must be 
a very rapid spin down of the layers immediately below the convective zone, in such a 
way that  the turbulent  diffusion coefficient drops quickly, otherwise there would be no 
l i thium left in these fast rotators.  The propagation of the spin-down from the outside 
to the inside is certainly a characteristic of initially fast rotat ing stars. In the case of 
the Sun, this suggests, deep inside the Sun, a possible memory of a high initial angular 
velocity (Vigneron et al, 1990). When looking at the neutr ino problem, this should be 
kept in mind. 

This introduces a new parameter ,  the initial angular velocity when arriving on the 
main sequence. If we look at the expression of w(t) given in section 3, it is clear that  
the asymptotic  value of the angular velocity for t > >  to is independent  of co0. This can 
explain the very small dispersion of the periods of rotat ion of the late spectral types of 
the Hyades, for which the condition on t is fullfilled. 

This raises immediately the question of the stars strongly deficient in l i thium in a 
Per. Stars reaching the main sequence with a high angular velocity will destroy quickly 
their lithium. If we assume, following the preceding results, that  a star, during its 
evolution along the Hayashi track is surrounded by an accreting disc, the final rotat ional  
velocity and the l i thium abundance will depend on the epoch of disappearance of the 
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disk: before of after reaching the main sequence. The slow rotators and lithium deficient 
stars of a Per could very well be stars which have lost their disk a short time before 
reaching the main sequence and had time to spin down, at least in their outer layers, 
and to burn their lithium. 

6. Conclusion.  

We have used extensively here the turbulent diffusion coefficient given by Zahn (1983 
a, b). This expression is obtained by assuming a quasi-solid body rotation. It seems 
to me that the time dependent turbulent diffusion mixing is well established, and that 
the dependence in t -3/4 is acceptable. This provides a consistent picture of the time 
dependence of the period of rotation, of the mass dependence of the period of rotation for 
a set of stars of the same age (Rebolo and Beckman, 1988) and of the lithium abundance. 
If we look more carefully to the whole set of data (as collected by A. Baglin and Y. 
Lebreton, 1990) we find that if the general tendency is explained, there are lots of details 
which do not enter in the picture. We can make a short list of the standing problems : 
(1) the depth of the convective zone depends on the chemical composition. What is the 
dependence of the lithium abundance on the abundance of metals ? (2) What is the 
exact definition of the lower boundary of the fully mixed region ? The transition from 
the high value of the turbulent diffusion coefficient in the convective zone to the low value 
in the differentially rotating radiative zone should take place over a very short distance. 
This is possible with high Rayleigh numbers (Zahn et al, 1982) but the exact depth of 
penetration, through the value of/kV, depends on the chemical composition and on the 
temperature. (3) When the accretion disk stops providing angular momentum to a fast 
rotator, the surface convective zone is the subject of a strong electromagnetic braking. 
How does the loss of angular momentum propagate inside the star? The shear flow due 
to a high angular velocity gradient generates a turbulence which determines the flux of 
angular momentun~ from the fast rotating inside to the already slow rotating outside. 
What kind of closure conditions should we write in order to express this feed back 
mechanism ? With this last question we are back to the very subject of this workshop. 
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S U R F A C E  ABUNDANCES 
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Abstract.  A general view of stellar surface abundances is presented. Chemical composition 
differences are discussed in the light of differences in internal structure, in stellar atmospheres 
and in nucleosynthesis from star to star. An effort has been made to discuss non solar elemental 
abundances in stars as : 

i) caused by physical processes in the interior or on the surface of stars 
or, as : 
ii) coming from differently metal enriched interstellar material. 

Some examples of interesting abundance results are given. 

1.Introduction 

The improvement of the results of elemental abundance determinations in stellar atmospheres 
with the advent of very performant telescopes, spectrographes, solid state detectors and reliable 
model atmosphere computations, has shown that stars having exactly the same chemical 
composition of the Sun are rare, if they exist at all. However, the habit has been taken to call 
"normal" the surface elemental abundances of the Sun and to refer to them in determining the 
abundances of other stars. 

Stellar surface abundances deviating from the solar ones, can be explained in two 
ways : either they differ from the Sun because the stars were formed from an interstellar matter, 
which chemical composition was different from that of the Sun, or because stellar surface 
abundances have been altered by physical processes as : selective mass-loss, radiative diffusion 
modified or not by magnetic fields, nuclear burning induced by convection and turbulent 
mixing. This latter type of surface abundance peculiarities provides important clues on the 
internal structure of a star. For example the abundance stratifications on the surface of magnetic 
Ap-stars tell us about the role played by their magnetic field and the depletion of lithium along 
the main sequence of open clusters tell us about the thickness of the convective zone in each of 
the analysed main-sequence stars. 

In what follows, we shall mainly discuss chemical composition differences from star 
to star, induced by physical processes in their atmospheres. Then we shall proceed to go over 
to the chemical composition of low-mass, disk and halo stars. The abundances of these objects 
can be interpreted to a great extent with the help of nuclear processes which took place inside 
massive stars and whose products were returned to the interstellar matter, (from which the 
small mass stars were then formed), mostly during the explosion of supernovae. Small mass 
stars have a developped convective zone which prevents the formation of abundance 
particularities at their surfaces. 

Spectroscopic abundances researches rely more and more on high resolution, high S/N 
spectra taken with solid state detectors. The increase in accuracy has sometimes been by a full 
order of magnitude (R. Cayrel 1988). 
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All along this talk we have to keep in mind that stellar abundance determinations, 
which we can trust, are only feasible if we have previously determined with great care the 
fundamental physical parameters of the stars : effective temperature, surface gravity, velocities 
fields etc. Errors in the estimated fundamental parameters introduce abundance errors > 0.1 dex 
(Gustafsson 1988). The errors are greatest for stars of spectral type O, M, N, and greater for 
supergiants than for giants and dwarfs. Errors in model atmosphere lead to errors in abundance 
determinations of about the some order of magnitude as those caused by other sources. It is 
therefore, for the knowledge of the chemical composition of a star, as important to improve the 
determinations of Teff and log g as the model atmosphere computation. 

We will now present abundance results picked up, very subjectively, from a wealth of 
interesting researches. We regret only not being able to comment on many more. We shall 
begin to discuss abundances in high mass stars, and then proceed towards less massive stars. 

2. Chemical abundances in massive stars 

2.10 and Of stars. 
Recently, sbveral papers have appeared on these stars, deepening the knowledge of their 
physical properties. Abbott and Hummer (1985), Bohannan et al (1986), Bohannan et al (1988) 
Voels et al (1989) have obtained high S/N H and He line profiles of O-stars hotter than 
35000K. These profiles have been analysed with a technique of high precision line profiles 
fitting, using wind-blanketed model atmospheres. The effect of back-scattering of radiation into 
the photosphere from the stellar wind was first considered by Hummer (1982) who called this 
mechanism "wind-blanketing". Wind-blanketing reduces the effective temperatures needed to 
produce photospheric absorption lines of a given strength. This reduction can be as large as 
10000K for very luminous O-type stars. Effective temperature, spectroscopic gravity, and He- 
abundances have been determined for some early type stars by the above authors and are given 
in Table 1, together with other stellar parameters. The estimated error in Teff, is + 1500K at 
spectral type 04, and + 1000K at 09.5; in gravity + 0.1 dex at 0 4 ,  and + 0.5 dex at 09.5; in 
He-abundance by atom number per H-atom: N(He)/N(H), + 0.03. The large He abundance 
observed for ~ Pup and tx Cam is consistent with the high degree of evolution of these stars, 
which have lost some 40 Mo of material (=50%) from their original mass of 70 - 90 M o  Very 
up-to-date models of stellar evolution predict that these very evolved stars are already turning 
back toward the hotter part of the HR-diagram (Maeder 1983). 

Table 1: O, Of Stars 

Name V Sp Vsini logL/Lo Teff 
HD B-V km s -1 K 

log g N(He)/N(H) 

P8~Pl 2.25 05 Iaf 211 6.0 42000 
-0.26 

t~ Cam 4.29 09.5 Iae 95 5.8 30000 
30614 +0.03 

~ Od A 2.05 09.5 Ibe 140 5.8 31000 
7742 

80ri 2.23 09.5 II 152 5.6 33000 
36486 -0.22 

9 S 5.97 04 V 140 6.1 46000 
16~r94 0.00 

3.5 0.17 

2.9 0.20 

3.2 0.10 

3.4 0.10 

3.9 0.10 
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2.2 Wolf-Rayet (WR) stars 
These stars are massive and exhibit in their spectra strong emission lines. Their abundance 
anomalies are consequently determined from emission lines. For this highly evolved stars the 
modelling of CIV and NIV lines causes important constraints on evolutionary models. In the 
CNO cycle the C and the O are converted to N and C on a very short time-scale (Maeder 1983). 
In the WR stars the results of nuclear fusion in the core are observable on their surface because 
the upper layers of these stars have been stripped away and their inside become visible. The 
WR star, HD 508996, is a good example of a star showing the products of central nuclear 
combustion on its surface. A detailed analysis of the spectrum of l iD 50896 (Hillier 1988) has 
found that it is overabundant in N and underabundant in C. The C/N abundance ratio of 
HD 50896 is equal to 0.07 (within a factor of 3), as against the Sun in which C/N = 1.06 
(Anders and Grevesse 1989). 

2.3 He-strong and He-weak stars 
These stars are hot main sequence stars with anomalously strong or weak He-lines for their 
effective temperature. Many members of the two classes have strong magnetic fields and 
represent high temperature extensions of Ap-stars. Bohlender et al (1987) have determined 
abundance and surface magnetic field geometry for several He-peculiar stars with large, well 
determined magnetic fields. The prototype of a He-strong star is cs Ori E. With an effective 
temperature of 25000K, (sOri E has an He-abundance by number of : N(He)/N(H)=0.40 + 
0.05; it has also strong magnetic field variations from + 2800G to -1500G. In the very young 
h and )cPer clusters, B stars are He-deficient. (Wolff and Haesly 1985). 

3. Interesting abundance  results in A stars. 

3.1 Do normal A stars exist? 
In focusing our attention towards less massive stars, the A stars, we are struck by the variety of 
chemical compositions existing among them. It is very difficult, if not impossible to compile a 
list of A stars displaying solar elemental abundances. The majority of such stars, when analysed 
in detail with the help of high S/N, high resolution spectroscopic material, shows very 
conspicuous abundance anomalies. Two of the brightest early A type stars in the sky, Sirius 
and Vega with almost the same Teff, and not very different gravity, luminosity, rotational 
velocity, and Vsin i have been found, the first, - metal-rich by + 0.75 dex, and the second, 
metal poor by -0.60 dex. Table 2 shows some physical parameters of these stars together with 
oPeg one of the few metal-normal A-stars. If, we reject the idea that the difference in Fe-content 
between Sirius and Vega comes from different metal enrichment of the parent interstellar matter, 
then we have to interpret this difference as a combination of several physical processes. Most of 
the anomalous chemistry in A stars is explicable in terms of diffusive fractionation, due either to 
gravitational settling or to radiative support. General problems related with stellar magnetism are 
not restricted to Ap stars alone, and hydro-magnetic processes acting during star formation, pre- 
main-sequence, as well as during the H-burning-phase have to be carefully considered in the 
interpretation of elemental abundances of A stars. 

Table 2 Two famous early A stars and one [Fe/H] solar (normal) A star. 

Name V S p Vsini loglA-,o Teff logg [Fe/H] o 
HD B-V kms -1 (K) 

Sirius -1.46 A1 V +13 1.34 9700 4.3 +0.75+0.15 
48915 0.00 

Vega 0.03 A0V +14 1.70 9600 3.9 -0.60-!-_0.15 
172167 0.00 

o Peg 4.79 A1 IV +12 1.28 9500 3.5 0.00 
214994 -0.01 
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3.2 Non-LTE analysis and hydrodynamic stability of the atmosphere of Vega 
A very interesting detailed analysis of Vega (HD 172167) has been carried out by Gigas 
(1986,1988a,1988b) with the help of NLTE-line-computations. Gigas has recalculated the 
abundances of three elements : Mg, representing the "light elements", Fe, the "iron peak" 
elements and Ba, the "heavy elements". The results indicate marked underabundances of these 
elements relative to the solar values. 

Magnesium [Mg/H]o = (- 0.58 _ 0.15) dex 
Iron [Fe/H]o = (- 0.55 - 0.22) dex 
Barium [Ba/H]o = (- 0.21 _+ 0.23) dex 

The NLTE [Fe/H] o value of Vega is in good agreement with that obtained through 
classical LTE models. (Cayrel de Strobel et al. 1985). 
Gigas has also conf'mned that Vega has a higher microturbulence than predicted by the mixing- 
length theory, in assuming that the atmospheres of A0 type stars are static. He found that the 
microturbulence of Vega is -- 2.0 Kms-1 against 0.25 - 0.50 Kms-1 as predicted by mixing- 
length. To find a possible explanation for this difference in microturbulence, Gigas (1988) is 
working on numerical simulations of convective phenomena in A-type-stellar-atmospheres. He 
employes the method of "bicharacteristics", which solves the time dependent non linear 
equations of motions in two dimensions on the assumption of cylindrical symmetry. First 
preliminary results indicate the presence of atmospheric oscillations, with flow velocities 
considerably larger than those predicted by the mixing-length theory and comparable to the 
observed microturbulence. 

The very typical and seemingly well known A0 type star, Vega, employed in these last 
50 years as a primary standard for flux measurements, as a reference star for abundance 
studies, as a photometric and spectral type standard in a great quantity of researches, is a good 
example of how poorly the physical status of its atmosphere and interior was known until now. 
High S/N, high resolution material, NLTE computations, hydrodynamics more elaborated than 
the mixing-length theory have been necessary to advance the knowledge of the physical 
structure of Vega. 

3.3 Ap and Am stars 
Abundance anomalies in high and intermediate-mass stars can be found in a large portion of the 
HR diagram. They spread from the upper maita-sequence B-stars to the midle main-sequence 
F-stars, up to the horizontal-branch and down to the white dwarfs. Much of the anomalies of 
Ap and Am stars are explainable by radiative diffusion processes, but the detailed chemical 
composition of these stars cannot be understood without consideration of several other 
hydrodynamic and magnetohydrodynamic processes. For example, high mass-loss rates are 
capable to explain the early metal deficient, ~. Boo stars, while somewhat lower rates may 
produce the anomalies which appear in Am-stars. Additional physical factors that may play an 
important role in surface chemical peculiarities are : stellar rotation, dynamo, electromagnetic 
braking, meridional circulation, turbulent mixing, (Alecian and Vauclair 1983, Schatzman 
1989, Zahn 1989). 

The magnetic Ap-stars show magnetic field variations accompanied by spectral 
variations caused by the inhomogeneous distribution of elements on the stellar surface. It is 
believed that the magnetic field plays an important role in determining this distribution. 
Concerning the radiative diffusion, it has been predicted theoretically (Michaud et al. 1981), 
that during the main-sequence phase of the star, the magnetic-field lines guide the chemical 
elements in the stellar atmosphere in places where they accumulate. 
Although many Ap stars have strong magnetic fields, the so called Hg-Mn stars have non 
detectable fields. These stars are interesting for the study of the abundance patterns that develop 
in non-magnetic Ap-stars. 

The elemental abundance in Bp and Ap-stars vary with Teff : Mn-stars have higher 
temper~ures than Eu-Cr-Sr-stars. Some Mn-stars have highly enhanced Hg (by factors of more 
than 10 o with respect to the Sun). A study of the gallium diffusion has been made by Alecian 
and Artru (1987, 1988) using up-to-date GalI atomic data. The resonance line at 1414.40 A in 
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34 

the spectrum of the most typical Hg-Mn star : HD 175640, has been computed in LTE with an 
inhomogeneous abundance of Ga throughout the atmosphere. The computation of the synthetic 
spectrum which matches the observed one was done with an overabundance of Ga by a factor 
of 3000. 

Table 3: Si-Sr-Cr-Eu-Hg Ap stars, Bp stars 

NAME V Sp Vsini Teff logg I Be] 
H D B-V kms- 1 K Gauss 

IFe/H] o [Si/H]o 

13329 6.37 B9pSiSrCr <20 10100 4.5 3300 +0.60 +1.80 
-0.14 

224801 6.38 B9pSiEu 49 12000 3.7 2300 +0.54 +1.60 
-0.07 

18296 5.11 B9pSi 19 11200 3.0 1350 0.00 +1.20 
-0.01 

Reliable elemental abundance determinations in stars require, first of all, a very precise 
determination of their effective temperature. This is especially true for such complicated objects 
as the Ap-stars. In these stars the overabundances of Si and other elements result in a 
redistribution in their visible spectrum of the flux absorbed in their UV. Consequently, the 
Teff s of Ap-stars cannot be determined from their optical fluxes alone. In this respect some 
specific Teff-calibrations have been elaborated by Megessier (1988). Some very well 
determined physical parameters (Megessier 1989 private communication) of three Si-Bp-Ap 
stars are given in table 3. 

Coming to Am-stars, we note that the elemental overabundance-phenomenon is much milder in 
them than in Ap-stars. In Am-stars overabundances increase from light to heavier elements, but 
not monotonously. Among light elements the deficiency of Ca and Sc is real (see fig. 1); C, O, 
and Mg are probably also deficient, but at the same time Na, A1 and Si have solar abundances. 
From theory we know that the infrared triplet of OI is not supported by radiative forces. In a 
sample of Am stars, C. Van't Veer et al. (1990) have found an important underabundance of O, 
in agreement with theory. Burtkhart et al (1988) have found on high quality observational 
material, that the abundance of Li in Am stars having Teff's between 7000 and 9000K is 
normal : log N(Li)=3.0 dex, (on the scale log N(H)=12 dex) and does not depend upon their 
effective temperatures, contrary to what predicts the theory of radiative diffusion.There is an 
exception, however, near 7850, where the Li-abundance of the star 16 Ori goes down to 
0.75 dex. 

High resolution, high S/N observations are needed for a definitive understanding of 
the light-element behaviour in Am star. In regard to the heavier elements the overabundances of 
Sr, Ba, Eu, Gd are greater than those of Zr, Ce and Nd. The overabundances of the "Fe-peak" 
elements are not very important. In table 4 are given, together with other physical parameters, 
the [Fe/H]o and the [Ca/I-I] e abundances of four of the most classical and best studied Am 
stars. (Burkhart et al. 1989). 

The Ap phenomenon appears at higher Teftes (>10000 K) than the Am phenomenon 
(<10000 K). The overabundances in magnetic Ap-stars are larger than in non-magnetic Ap 
and Am-stars. 

Specialists of Ap and Am stars know that it is very difficult to classify such stars per 
given abundance-groups. Each chemical peculiar A star has its own abundance finger-prints. If 
we want to interpret the individual elemental abundance in Ap, Am-stars, we have to consider 
more than one physical process and see, first, their contribution to the deviations with respect to 
the normal solar-abundances. The competitions ( G.Vauclair and S. Vauclair 1978 ) between 
these various processes does, then, determine the quantitative patterns of abundances, but the 
detailed theoretical prediction of those is still very rarely done, because explaining one by one 
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the different abundance anomalies in each star is not a simple undertaking and requires the most 
rigourous input-physics known nowadays. 

Table 4 Am stars 

Name V S p Vsini Tef f 
HD B-V ~I K 

63 Tau 5.6 Alm 10 
27749 0.30 3.8 

68 Tau 4.3 A2IV 18 
27962 0.05 

81 Tau 5.5 Am 21 
28546 0.26 4.0 

16 Ori 5.4 A2m 15 
33254 0.24 3.0 

logg [Fe/H] o [Ca/H]o 

7520 4.5 +0.5 -0.6 

9000 4.0 +0.5 +0.1 

7750 4.0 +0.5 -0.1 

7880 4.0 +0.7 -0.3 

3.4 Two of the most exotic specimen of chemical pecldiar stars 

3.4.1 The rare earth star : HD 101065 
This star is also called "PRZYBYLSKI's star" after the astronomer who has discovered it, 
(Przybylski 1977). The visible part of its spectrum is mostly constituded by lines of rare- 
earths (mostly Holmium): some lines of the iron-peak elements are visible but exceedingly 
faint. Recent IUE spectra of liD 101065 show many, and sometimes, strong lines of FelI, Crll 
and TilI (Wegner 1983). 
From the energy distribution of HD 101065 determined on low resolution UV spectra, Wegner 
attributed to the star a Teff of about (10000 to 12000 K) much higher than that obtained from 
its visible spectrum (Teff=6000 K). This indicates that the severe blanketing of the star prevents 
in the visible a reliable energy distribution determination for an accurate Teff calibration. In 
addition to its very abnormal spectrum, (specialists say that it is the most abnormal A-type 
spectrum known), HD 101065 has a magnetic field of: 2100-2500 G (Wolff and Hagen 1976) 
and 12 minutes light variations, in common with many other rapidly oscillating Ap stars. 

3.4.2 The variable Ap star : FG Sagittae 
This star is probably in the process of displaying on its surface the products of internal 
nucleosynthesis, more specially those built up with the s-process (Cowley et al 1985). The 
weakness of the Fe-lines and of other lines of the "iron-peak" makes it unlikely that this object 
will become a BaH-star. Following Cowley et al (1985) the "iron-peak" lines of FG Sge have 
weaked markedly, while lines of Bali and other lanthanides have strengthened. There is an 
exciting possibility that if the lanthanides continue to strengthen, and the "iron-peak" elements 
to weaken on the surface of FG Sge, its spectrum could become very similar to that of 
Przybylski's star! 

4. The exciting role of F, G and K stars in Astrophysics 

4.1 F, G and K stars as stellar population tracers. 
The role played by F, G and K stars in Astrophysics is well known. These stars are not only 
used for intrinsic detailed analyses of their atmospheres and of the modeling of their interiors, 
but they are used to study stellar populations, the abundance gradients across the galactic disk, 
the constraints on nucleosynthesis imposed by the chemical composition of extremely metal 
deficient objects, the connection between kinematical, dynamical and chemical evolution of our 
Galaxy and of other galaxies. This is because it is only from late F or early G type that 
evolution has not depleted the initial stellar population of the galaxies, and that the full span of 
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stellar ages is still present. Solar type stars, and later, are composed by a great variety of 
objects. Some of them are massive young supergiants, crossing rapidly the F, G and K-star 
region of the HR diagram, but the majority of them are small mass stars, evolving slowly. Their 
Teff's go from about 6300 K to about 4000 K. Their ages (Carney et al. 1989) span from now 
to the beginning of the Universe, whenever it began (bets go from 8 to 18 Gyrs). 

4.2 Metal enrichment in the Galaxy from the chemical composition ofF, G and K stars. 

F,G and K stars belong to three different galactic subsystems (Gilmore and Reid 1983, 
Gilmore and Wyse 1985). Following these authors, taking as metal abundance indicator the 
well known parameter : [Fe/H]owe can define F, G, K, stars as: 

Halo stars with [Fe/H]o < - 1.0 
ThickDisk stars " -1.0 < [Fe/H]o < - 0.4 dex 
Thin Disk stars " -0.4 < [Fe/H] o 

However, it must be noted that if these three groups are defined kinematically, and not 
chemically,each one has a spread in metallicity and there is some overlapping in their metallicity 
distribution (Laird et al 1989). 
Several reviews have been dedicated recently to F, G and K stars (G. Cayrel de Strobel and 
Bentolila 1983, Spite and Spite 1985, Grenon 1987, Gustafsson 1988, Lambert 1988, Wheeler 
et al. 1989). 

A wide range of metallicities is observed among Halo-stars: -4.5 <[Fe/H]~-I.0 dex 
(Bessell and Norris 1987). The non-evolved Halo-stars have extended convective zones 
preventing the formation of peculiar surface abundances. Except, for lithium the abundances of 
the cz, the "iron-peak", and the s and r elements found in these stars, give then informations of 
the nuclear processes which have occured before their birth. SN-ejectae, as well as, mass flows 
from stellar winds have thus fed up with newly synthetized elements the parent interstellar 
medium of low mass, long living, Halo-stars. 

New, more precise analyses of Halo-dwarfs have shown relative abundance variations 
of particular elements [Nel/Fe] o respect to [Fe/H]o. Good reviews, illustrated by convincing 
diagrams describing improvements in relative elemental abundances, have been written by 
Lambert (1987, 1989) and by M. Spite (1990) during the last few years. 
In very metal deficient Halo-stars, O is overabundant with respect to Fe, whereas the s-process 
elements Sr, Y, Zr and Ba are underabundant in respect to Fe. The overabundances of O with 
respect to Fe is explained (Matteucci and Tornambe 1985) by the time delay between production 
of O and Fe by supernovae of type II and I; The population II is apparently fed exclusively by 
supernovae of type II, whereas pop I has accumulated enrichment by the two types of 
supernovae. Because supernovae of type I produce a lot of iron, the O/Fe ratio goes down 
where there is a significant contribution of type I SN to the nucleosynthetic yields. The 
underabundance of s-elements (Sr, Y, Zr, Ba) in halo dwarfs has a different explanation. 
Because s-elements are supposed to be produced by asymptotic giant branch (AGB) stars, 
(during "dredge-up" of burned matter mixed with unburned layers), having already iron-peak 
elements, they need, to be produced, a first generation of stars producing iron-peak elements, 
plus a second one producing the "dredge-up". Therefore the production of s-elements 
(secondary elements) is delayed with respect to O and Fe production. 

The enrichment in heavy elements in the thick Galactic Disk has not been uniform 
neither in time, nor in location, in our Galaxy. Here too, as in the case of Halo-stars, the 
enrichment was tightly bound to the nature of the nucleosynthesis which has acted in 
supernovae or at the center of massive stars enriching the parent clouds at the epoch in which 
the disc-stars were formed. We know that our nearest neighbours, the field stars, are chiefly old 
disk population stars, sometimes quite older than the Sun. Their metallicities vary from factors 
by 1 to 3, more, to factors by 1 to 5 less, than that of the Sun. Recent progress in spectroscopy 
of solar type stars has been reviewed by Nissen (1990). In this review particular attention has 
been paid to the determination of stellar atmospheric parameters and the abundances of selected 
elements. A search for real solar twins has been undertaken by Cayrel de Strobel and Bentolila 
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(1989).For the moment these authors have not yet found an exact solar twin which matches the 
Sun's mass, age, chemical composition, effective temperature, gravity, chromospheric activity 
etc., etc. Metal abundance gradients of disc-stars as a function of their galactocentric distance 
and as a function of time have been proposed by different authors, (Twarog 1980, Grenon 
1987). 

The metal content of the thin Galactic Disk has been studied with the help of F, G, 
and K -  dwarfs belonging to young galactic clusters. Recently Cayrel et al. (1985, 1988) have 
analyzed in detailed G and K dwarfs of the Pleiades, Ursa Major, Coma Berenices and Hyades. 
They have found that the mean metallicities of the stars in the first three clusters do not deviate 
significatively from solar. The Hyades with [Fe/H]o= + 0.12 + 0.03, show a significative 
enhancement in metals. 

Analysing F dwarfs in six galactic clusters, Boesgaard (1989) found that the two 
oldest clusters Hyades and Praesepe respectively 6.7 x 108 and 7.6 x 108 years old, were 
metal-enhanced ([Fe/H]o = 0.12), the two youngest clusters, ~ Persei and Pleiades 
respectively 2.7 x 10 7 and 1.5 x 108 years old, were metal-normal [Fe/H]o = 0 and the 
intermediate age clusters, Ursa Major and Coma, respectively 3 x 108 and 4.3 x 108 years old, 
slightly metal-deficient. Please, note, that, very recently, the age of the Pleiades has been 
revised from 6 to 7 xl07 to 1.5 x 108 (Mazzei and Pigatto 1989). The results of Boesgaard 
indicate that there is no univoque age-metallicity relationship, which signifies that the 
enrichment in the thin galactic disc has not been uniform on mixing-time scales of less than 109 
years. 

4.3 SMR Stars 
Are the so-called super-metal-rich (SMR) G and K stars moderately metal enriched (by 
0.15 - 0.50 dex), in respect to the Sun, or do they constitue an apart small galactic subsystem, 
which metal content ranks quite above the Sun ? This is the question which astronomers 
interested in galactic and extragalactic chemical evolution of stars propound since the classical 
paper of Spinrad and Taylor (1969). 

With the help of the [Fe/H] Catalogue (Cayrel de Strobel et al. 1985), Cayrel de 
Strobel (1985) has displayed two groups of mild metal-rich field stars. The first one is 
composed by G and K dwarfs and subgiants, the second one by K-giants. If there is no doubt 
that the metal enrichment of the first group of stars reflects the chemical composition of the 
interstellar matter in which these stars were formed, the metal enrichment of the stars of the 
second group could, at least for some of them (CN-rich), reflect nucleosynthesis produced in 
their center. Cayrel de Strobel (1987) tried to attribute a "turn-off' age to the slightly evolved 
stars of her sample of "SMR" stars. She found that such stars have been produced all along the 
existence of the Galactic Disk, being some very old and some very young. There is an 
indication that the "SMR" phenomenon was more active in the past than it is now. A possible, 
but not unique interpretation of this, is that the interstellar medium in our Galaxy became 
progressively more chemically uniform with time. 

Probably the sample of mild "SMR" stars + 0.15 < [Fe/H] < +0.5 dex contained in 
the WeB-I] catalogue, does not constitue a galactic subsystem. At the contrary, the discovery by 
Withford and Rich (1983) of a group of metal rich stars in the Bulge of our Galaxy, which 
metallicity is more than 3 times that of the Sun, could make us suppose that in the Bulge of the 
Galaxy does exist a subsystem of metal rich stars. 

5 .Li th ium an essential  e lement  for stel lar interior physics  

5.1 Lithium in Halo stars 
Let us finish with lithium this fast review on surface elemental abundances in stars. The 
abundance results for lithium, either in pop II or in pop I stars, are more and more employed as 
a precious working tool in the understanding of the multiple physical processes acting in the 
interiors of the stars. Also, lithium has been, and is used in the study of Big-Bang 
nucleosynthesis, and has taken a high ranking place among the other Big-Bang nucleosynthesis 
products (Wagoner 1973, Yang et al 1984, Kawano et al 1988). Spite and Spite (1982a, 
1982b) have discovered that Li is present in the hottest halo subgiants or dwarfs (Teff > 5400) 
and that in a large temperature interval, Li/H is constant and independent from their metal 
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deficiency. This is seen in table 5 which reproduces, together with some other physical 
parameters, the We/H] and log N(TLi) values of three hot halo dwarfs and two cooler ones. 

Table $ Fe and Li abundances in some Halo-dwarfs and subgiants 

Name V Sp Teff logg 
H D B-V K 
B D  

[Fe/H] logN (7Li)  

+2003603 9.72 G1VI 6000 4.0 -2.2 2.11 
0.44 

219617 8.17 GOVI 5660 3.9 -1.4 2.10 
0.47 

94028 8.21 G5W 5790 4.0 -1.7 2.09 
0.48 

211998 5.28 G0V 5200 3.5 - 1.5 1.04 
0.65 

Gmb1830 6.49 G8VI 5140 4.7 -1.4 <0.5 
103095 0.75 

The value log N(TLi ) -~ 2.0 dex (on the scale log N (H)  = 12.0 dex), found by the Spites in 
hot halo-dwarfs and confirmed by other authors (Rebolo et al 1986, Hobbs and Duncan 1986) 
are used by specialists of Big-Bang nucleosynthesis in order to corroborate their computations. 
But, there is a "caveat" in the observational value of the Li-abundance found in hot halo 
dwarfs : is this value, the original Li-abundance produced during the Big-Bang explosion, or 
have these very old halo objects depleted some of their original Li ? If there has been some 
depletion,the Li-abundance, as found in Halo-dwarfs, cannot be directly compared to the 
cosmological value (Boesgaard and Steigrnan 1985). 

5.2 Lithium in disk stars 
The amount of review and scientific papers on lithium appeared in literature, since the 
pioneering paper of Herbig (1965), is difficult to count. Li is implied in a large deal of 
problems, the solution of  which depends upon high S/N spectroscopy and theories built up 
with reliable input physics. 

In a short, but excellent review on Li, Soderblom (1988) separates what we know, or 
what we need to know about Li in four sections : 

1. What do we really know ? 
2. What do we think to know ? 
3. What do we not know ? 
4. What do we need to know ? 

Reading again the paper by Soderblom, 21/2 years after it was presented at IAU 
Symposium 132 (June 1987), one notices, that, some of the questions or statements in one or 
another of the four above mentioned sections have been answered or resolved, some of them 
are now more appropriate for a different section. This is due, thanks to a wealth of new 
observational results, new theories and fancy interpretations of recent stellar Li-abundances. 

Schatzman (1990) and Zahn (1990) in this Conference, Baglin and Lebreton (1990) in 
the "Inside of the Sun" Conference have presented the highlights of their and other 
Astrophysicists researches on "the mechanism of Li-depletion", which is the most important 
question in section 3, in the paper by Soderblom. Balachandran et al. (1988) in the paper 
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"Lithium in lower main sequence stars of the tx Per cluster" have found that stars belonging to 
the same cluster, and having the same Teff, may have very different Li-abundance. Schatzman, 
in this Conference in order to explain high and low Li-abundance in such stars, has invoked the 
role of  rotational braking, involving dynamo and mass loss as well as differences in accretion 
disks in pre-main-sequence phase.A very interesting paper on Li-depletion and rotation in main 
sequence stars by Balachandran (1990) will appear in the Astrophys.J..Nearly 200 F-stars have 
been analysed by Balachandran in order to examine the effects of rotational braking on Li- 
abundance. 

"Is Li as rare as we think it is in stars less massive than the Sun ?" This is one of the 
questions in section No 4 which was preceded in the same section by a recommandation that Li 
surveys of F, G and K stars should be made and become available. We are pleased to announce 
that such surveys are afoot. Pallavicini et al. (1987) have determined Li abundances in 27 lower 
main sequence stars and have discussed Li in each of these stars. 

As a byproduct of spectral analyses of G and K dwarfs within 10 pc of the Sun (Perrin 
et al. 1988) a strong lithium line has been found in the cool K2V star, HD 17925 (Cayrel de 
Strobel and Cayrel 1989). The Li-abundance of HD 17925, log N(Li) = 2.50 + 0.10 (on the 
scale log N(H) = 12.0) is somewhat smaller than the cosmic abundance, but the rate of Li 
depletion in a low mass star as HD 17925, (M. = 0.8 Mo ) is high. Therefore the presence of 
the Li-line indicates that HD 17925 is very young, not more than a few million years old. About 
Soderblom's question on the rarity of Li-rich low mass stars, we cannot answer with only one 
Li-rich disk-K-star found, we think, however that Li-rich K disk dwarfs are rare in the solar 
neighbourhood, which contains mostly old disk field dwarfs. 

We will finish this paragraph in commenting a point of the first section of the paper by 
Soderblom : "What do we really know ?". We really know that the "precipitous dip among the 
mid-F dwarfs" which Boesgaard discovered in the Hyades (Boesgaard and Tripicco 1986a, 
1986b) does not only exist in the Hyades, but also in Praesepe and Coma clusters and in U Ma 
and Hyades moving groups (Boesgaard and Budge 1988, Boesgaard et al. 1988). A very 
interesting research on Li in some subgiants of the old open cluster M67 has been done by 
Balachandran (1990) very recently. Apparently the"Boesgaard Li-chasm" occurs for clusters 
older than 3 x 108 yr, because the much younger ct Per and Pleiades clusters do not show the 
Li-chasm (Boesgaard et al. 1989). 
Some theoreticians tried to explain the physical processes implied by the existence of the 
chasm. Michaud proposes to explain this feature by selective diffusion processes.As an 
alternative,S.Vauclair(1988) has proposed that the chasm is produced by turbulence induced by 
rotation,according a hydrodynamic model due to Zahn (1990) Recently Charbonneau and 
Michaud (1989, 1990) found that meridional circulation possibly could be responsible for 
Boesgaard's chasm. 

In the next paragraph we will try to find out which of these theories is the more 
convincing. As working tool we shall use the 6Li/7Li ratio of some F-stars falling in the Li-dip. 

5.3 6Li/TLi ratio as a test for the physical processes responsible of the Li-chasm in open 
cluster F-dwarfs 
If selective diffusion is the process of the abrupt depletion of Li observed by Boesgaard and 
coworkers in middle F stars, 6Li should be slightly less depleted than 7Li in stars falling in the 
Li-chasm. On the contrary, in high turbulent mixing and in meridional circulation burning is the 
depletion agent and would affect much more strongly 6Li than 7Li. It is therefore quite 
interesting to find out what happens to this isotopic ratio across the Li-chasm. 

The 6Li/7Li ratio has been previously determined in solar type stars (Andersen et al. 
1984, Maurice et al. 1984, Hobs 1985, Rebolo et al. 1986 ). Cayrel and Cayrel de Strobel 
(1990) have attempted to measure more accurately this ratio in 14 F dwarfs using the larger 
light collecting power of the CFH Telescope and tryingto achieve a S/N ratio of 500 with the 
new holographic grating giving a resolution of 0.1A ( = 70000). They found that in the 
Boesgaard chasm good fits with the meteoritic ratio : 6Li/7Li = 0.08 can be obtained only by 
shifting the expected wavelength of the Li-blend by several time the RMS error expected on 
wavelength determination. Applying to the nearby FeI line at 6705.11/~ the shift, found for the 
Li line, would be unacceptable. Therefore selective diffusion does not seem favoured at this 
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time, because in our observations there is not a single case for which there is a positive 
detection of 6Li. However Proffitt and Michaud (1989), have shown that 6Li can be destroyed 
already in the pre-main-sequence. In that case, its absence in the Boesgaard chasm, does not 
prove anything for the Li-depletion mechanism. 

In figures 4a and 4b are shown observed and synthetic spectra of the region of the 
Li-blend for the star HD 211976 ( Teff = 6420 K ) ,which falls in the Boesgaard Li-chasm. 
In figures 5a and 5b are shown observed and synthetic spectra of the Li-blend for HD 1835, a 
moving group star of the Hyades, having the same temperature than the Sun ( Teff = 5770 K). 
We have chosen these two stars as example:they are particularly suitable because of their very 
low rotational broadening. 

61 Conclusion 

The purpose of this review was to show to non specialists what kind of physical processes are 
affecting surface stellar abundances. Abundance trends in pop I and pop II stars have been 
presented. Only abundance results coming from high S/N, high resolution solid state 
spectroscopy have been discussed. Many references have been given, they are almost all very 
recent, and their important number shows the general astronomical interest in surface elemental 
abundances. Nevertheless, not all of the surface abundances in stars have been discussed. 
Abundances in pre-main-sequence stars, in white dwarfs, in the coolest main-sequence stars, in 
AGB stars, in intrinsic variables, have been left out. 

This paper was given and written in remembering 37 years of friendship with Evry Schatzman, 
and for a similar amount of time permanent struggling with stellar abundances. 
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S T E L L A R  ROTATION P R I O R  TO THE M A I N  S E Q U E N C E  

J 6 r 6 m e  B o u v i e r  
Canada-France-Hawaii Telescope Corporation 

P.O. Box 1597, Kamuela, HI 96743 

I. I n t r o d u c t i o n  

While large-scale studies of rotation in nmssive main sequence stars began more than 
30 years ago, very little was known about the rotational velocities of pre-main sequence 
stars prior to the early 80's. Since then, the advent of more sensitive detectors and 
the development Of improved spectral analysis techniques made it possible to derive the 
rotational velocities of large samples of pre-main sequence stars. Two complementary 
observing methods were used. One consists in measuring the Doppler broadening of 
line profiles, which yields an estimate of the star's rotational velocity projected onto 
the line of sight, vsini. The relative faintness of solar-mass pre-main sequence stars 
often prevents observations at very high spectral resolution, so that vsini's less than 10 
km s -1 cannot be usually measured. The other method applies to stars which exhibit 
temperature inhomogeneities at their surface, i.e., "spots". As spots are carried across 
the stellar disk by rotation, the star's luminosity is modulated with a periodicity which 
directly reflects its rotational period. Since rotational modulation is free of projection 
effects, it provides more useful estimates of the star's rotation rate than spectroscopic 
methods. Tile application of both methods to pre-main sequence stars has now provided 
a large enough database to characterize their rotational properties on a statistical basis. 

Pre-main sequence stars are the first visible manifestation of newly-formed objects. 
Therefore, their rotational properties are expected to bear information relevant to the 
evolution of angular momentum during the star formation process. In contrast, by 
the time solar-mass stars are on the main sequence, any spread in the initial angular 
momentum distribution has been smoothed out, or is hidden in the star's interior, 
as indicated by their uniformly low surface rotation rates. As stars age, rotational 
velocity variations a r e  caused both by structural changes in the stellar interior and by the 
star's interaction with its enviromnent. During pre---main sequence evolution, dramatic 
alteration of the internal structure of low-mass stars occurs as a radiative core develops 
at the center of the initially completely convective star. Moreover, recent models suggest 
that young stars strongly interact with their surroundings both by driving powerful 
winds and by accreting from a circumstellar disk. Therefore, the study of rotation in 
pre--main sequence stars is expected to bring deep insight into the physical mechanisms 
which control angular momentum transfer during the star's lifetime. 

Recent reviews of rotation in low-mass stars, from pre- to post-main sequence 
phases of evolution, ha~e been published by Stauffer and Hartmann (1986) and Stauffer 
and Soderblom (1989). In the present review, the evolution of angular momentum is 
described from the pre-stellar dark cloud stage to the zero-age main sequence residence. 
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In Section II, the evolution of angular momentum during the star formation process is 
discussed in the light of recent measurements of rotation in dark clouds and in low-mass 
pre-maln sequence stars. In Section III, the rotational properties of pre-main sequence 
stars with masses from less than 0.5 up to 5 M® are reviewed. Emphasis is placed on 
the variation of mean rotational velocity with mass and on the comparison between the 
rotational properties of weak and strong emission-line stars. The evolution of angular 
momentum as the star contracts toward the main sequence is investigated in Section 
IV. 

II.  Angu la r  m o m e n t u m  evolut ion during star formation 

Measurements of rotation in dark clouds and in pre-main sequence stars bring clues 
about the evolution of angular momentum during the star formation process. Studies 
of angular rotation in dark clouds shed light onto their angular momentum distribution 
and allow one to follow their rotational evolution as they slowly contract before the 
protostellar collapse is initiated. Unfortunately, the evolution of angular momentum 
during the protostellar gravitational collapse cannot be traced observationally because 
protostars are deeply embedded in dusty cocoons which are opaque to visible light. 
Hence, the next piece of information astronomers have on the early evolution of stellar 
angular momentum is provided by the rotational velocities of newly-formed, visible 
pre-maln sequence stars. The observed distribution of rotational velocities in pre-main 
sequence stars provides strong constraints onto the mechanisms which are responsible 
for angular momentum loss during star formation. In this section, a brief account of 
recent observational results and current models is given. 

a. The angular momen tum problem 

The essence of the angular momentum problem can be stated in the classical following 
way. From interstellar matter to stars, the mean density increases by 24 orders of 
magnitude. Conservation of angular momentum (J  = k • M • R 2 • ~, where k is a 
constant of the order of unity, M the mass, R the radius, and ~ the angular velocity) 
implies that the angular velocity increases with mean density as: 

~ /~o  = (n/no)2/3 

A lower limit to ~o may be taken as the mean galactic rotation, ~gat - 10 -15 s -1, and 
no -~ 1 cm -3 for diffuse interstellar gas. At stellar densities (n _~ 1024 cm-3), the pre- 
dicted angular velocity is several orders of magnitude larger than the critical velocity at 
which centrifugal force bMances gravity at the stellar equator. Thus, assuming angular 
momentum conservation and provided that the above estimates are correct to at least 
orders of magnitude, no star would form. 

Measurement of rotation rates in dark clouds and in pre-main sequence stars allows 
one to state the angular momentum problem in more precise terms. The results of 
several studies aimed at measuring the rotation rates of pre-main sequence stars with a 
mass less than 3 M® (T Tauri stars) are illustrated in Figure 1. In this figure, all the T 
Tauri stars with known rotational velocities are plotted in a theoretical H-R diagram. 
Open and dark circles represent weak and strong emission-line stars, respectively, and 
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F i g u r e  1. Rotat ional  velocities of low-mass pre -main  sequence stars in the H - R  diagram. Open 

and dark circles represent T Tauri s tars with H a equivalent widths smaller and greater than  10 /~, 

respectively, and the circle area is proportional to vsini in the range from less than  10 to about  100 km 

s -1 .  Solid lines: theoretical p re -main  sequence evolutionary tracks for stars in the  mass range from 

0.35 to 3 M® (from Cohen and Kuhi 1979). Do$~ed lines: isochrones corresponding to an age of 106 

and 107 years, respectively. Dashed line: theoretical zero-age main sequence. 

the circle area is proportional to the stellar velocity projected on the line of sight, 
vsini (references for the rotational data may be found in Bouvier 1990). The rotational 
velocities of T Tauri stars range from less than 10 up to 100 km s -1, with a mean 
vsini of the order of 25 km s -1, i.e., a factor of 10 below break-up velocity (Vb = 

( G M , / R , )  1/2 ~- 300 km s -]  for a solar-mass T Tauri s~ar ). This indicates that  the 
bulk of the angular momentum problem is solved before stars appear as visible objects 
(Vogel and Kuhi 1981). 
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For a completely convective, solax-mass pre-main sequence star with R,  = 2 R® 
and a mean rotational velocity V~ot = 25 km s -1, the specific angular momentum is: 

( J / M ) ,  = O.2"Vrot " R,  = 7.1016crn2.~ -1 

assuming solid-body rotation. This is to be compared with the specific angular momen- 
tum initially contained in diffuse molecular clouds from which stars ultimately form. 
Measurements of rotation in dark clouds indicate that low-density clouds (n = 102 
cm -3) have a specific angular momentum of the order of 1024 cm 2 s -1 (Goldsmith and 
Arquilla 1985). Hence, going from the diffuse cloud stage to the first appearance of 
stars at visible wavelengths, the angular momentum must be reduced by roughly seven 
orders of magnitude. 

b. The quasi-static cloud contraction phase 

Part of the angular momentum problem may be solved during the early stages of cloud 
contraction before the protostellar gravitational collapse begins. Goldsmith and Arquilla 
(1985) reviewed the rotational properties of molecular clouds with densities in the range 
from 102 to 104 cm -a, which corresponds to cloud sizes of 10 and 0.1 pc, respectively. 
They find a tight correlation between specific angular momentum and cloud size and 
derive the relationship: J / M  ~ (size) 1"4. The specific angular momentum decreases 
from 1024 cm 2 s -1 for massive clouds (n = l0 s c m  - 3 ,  M = 10 3 M ® ) ,  to 1021 c m  2 

s -1 for dense molecular cloud cores of a few solar masses (n = 104 cm-3). Although 
Goldsmith and Arquilla's study is biased toward the detection of rapidly-rotating clouds 
(see Shu, Adams, a~ld Lizano 1987), their results suggest that, if molecular cloud cores 
axe the evolutionary descendents of massive clouds, large angular momentum losses 
occur during this phase of cloud evolution. 

Bodenheimer (1978) suggested that successive phases of cloud fragmentation could 
efficiently convert angular momentum of spin into orbital motion. Alternatively, mag- 
netic braking may be instrumental in rotating clouds during the quasi-static contraction 
phase (Mestel and Spitzer 1956). Mouschovias and Paleolougo (1979, 1980) worked out 
in some details the influence of microgauss interstellar fields upon the dynamics of 
diffuse clouds as they contract to higher densities. For typical physical properties of 
relatively diffuse clouds (n = 103 cm -3, M = 103 M®), they find that the ionization 
fraction is high enough for the neutrals to be efficiently coupled to the magnetic field 
via neutrals-ions collisions. As a result, angular momentum is redistributed by coupling 
the rotational motion of the cloud to the slowly-rotating outer envelope and the cloud 
contracts at nearly constant angular velocity. They claim that this process can account 
for a reduction of the angular momentum by a few orders of magnitude by the time 
densities typical of molecular cloud cores (n = 104-5 cm -3) are reached. 

That magnetic fields play an important role in the dynamics of molecular clouds is 
illustrated by Heyer et aI.'s (1987) study of 5 dark clouds in the Taurus region. These 
clouds, with a mass of several 102 M® and densities between 103 and 5.103 cm -3, exhibit 
an elongated shape with the minor axis parallel to the local direction of the interstellar 
magnetic field. This suggests that cloud contraction has preferentially occurred along 
magnetic field lines as lateral contraction is inhibited by magnetic pressure. Moreover, 
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they found the rotational axes of the clouds to be aligned with the direction of the 
ambient magnetic field as expected from magnetic braking processes. 

During the diffuse stage, quasi-static cloud contraction in the direction perpendic- 
ular to the field lines occurs due to the slow drift of the neutral material through both 
the ions and the magnetic field. This process is responsible for magnetic flux leakage 
and is often referred to as ambipolar diffusion (see e.g., Spitzer 1978). As the cloud 
density increases, the ionization fraction decreases and neutrals-ions coupling becomes 
less efficient. The time scale for ambipolar diffusion shortens and, above a critical den- 
sity, the rapidly decreasing magnetic flux becomes too weak to support the gas against 
gravity. At this point gravitational collapse takes place at free-fall rate and angular 
momentum is subsequently conserved. 

The amount of angular momentum lost during the slow contraction phase depends 
crucially upon the value of the critical density at which the magnetized cloud becomes 
unstable to dynamical collapse. Theoretical estimates range from 105 to 109 cm -3 
(Mouschovias 1977, Nakano 1979), while observations suggest somewhat lower values. 
Heyer (1988) showed that the rotational axes of 13 molecular cloud cores with n _'2 
0 .5 -2  104 cm -3 in the Taurus region were randomly distributed relative to the direction 
of the ambient magnetic field. This stands in sharp contrast with the general alignment 
of the rotational axes of more diffuse clouds (n _~ 103 cm -3, Heyer et al. 1987) with the 
local magnetic field direction and suggests that magnetic field ceases to be dynamically 
important at densities typical of molecular cloud cores (n _~ 104 cm-3). Heyer (1988) 
proposes that randomization of the rotational axes occurs at this point via gravitational 
interaction or physical collisions between cores. 

If magnetic coupling remains effective up to densities larger than -~ 107 cm -3, 
rotational braking may entirely solve the angular momentum problem (e.g., Norman 
and Heyvaerts !985, Mouschovias and Paleolougo 1986). If, however, magnetic support 
becomes inefficient at densities typical of molecular cloud cores as suggested by obser- 
vations, the angular momentum at the start of the protostellar collapse still greatly 
exceeds that of young solar-mass stars (1021 and 1017 cm 2 s -1, respectively). An ad- 
ditional mechanism must then be instrumental in removing the angular momentum in 
excess during the protostellar collapse. 

c. Protostel lar  collapse 

Unfortunately, because of the large obscuration which characterizes collapsing clouds, 
there is an observational gap between molecular cloud cores and pre-main sequence 
stars. Therefore, one must rely on theoretical models in order to investigate the fate of 
the angular momentum during the protostellar collapse. 

Terebey, Shu, and Cassen (1984) investigated the gravitational collapse of the in- 
ner 1 M® part of a molecular cloud core assumed to be an isothermal sphere in a state 
of uniform rotation with g/ = 10 -14 s -1. Assuming angular momentum conservation, 
they find that about half of the collapsing material falls directly to the center to form 
a rapidly-rotating protostar while the rest accumulates in a protostellar disk which 
contains a large fraction of the initial angular momentum. Alternatively, Bodenheimer 
(1978) suggested that fragmentation during gravitational collapse efficiently converts 
spin into orbital momentum. Boss (1986) performed 3-D collapse calculations starting 
from uniform density clouds and showed that, for initial conditions typical of molecular 
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clouds cores, the output of gravitational collapse includes both single and binary pro- 
tostars having specific angular momenta of the order of 10 ls-19 cm 2 s -1. Thus, while 
both fragmentation processes and the formation of a protostellar disk may substantially 
alleviate the angular momentum problem, newly-formed protostars are still predicted 
to rotate close to break-up velocity, i.e., much faster than visible pre-main sequence 
stars. 

Further reduction of the angular momentum of protostars may result from the onset 
of strong winds. Observations of stellar formation regions at millimeter wavelengths re- 
veal the existence of large-scale (a few 0.1 pc) molecular CO outflows usually associated 
with deeply embedded young stellar objects. Molecular outflows are thought to result 
from the interaction of an energetic protostellar wind with the surrounding molecular 
environment and such episodes of strong mass ejection are now believed to be a uni- 
versal phase of early stellar evolution (see a review by Lada 1985). Bertout, Basri,and 
Cabrit (1990) reviewed the various wind models proposed so far to account for the large 
momentum rate and mechanical luminosity observed for CO outflows. Although they 
find none to be entirely satisfactory, they argue that the most promising mechanisms 
are those which rely upon the combination of fast rotation and magnetic field, either in 
the protostar or in the protostellar disk. A common feature of these models is that they 
predict large angular momentum loss on a time scale of the order of 104-5 years (e.g., 
Hartmann and McGregor 1982, Draine 1983, Pudritz and Norman 1986). Therefore, 
even though the lifetime of CO outflows is fairly short (a few 105 years), protostellar 
rotation may be strongly braked by a magnetized wind before stars appear at optical 
wavelengths. This mechanism may in fact explain why young visible stars have rota- 
tional velocities far below breakup, even though, in order to form a star, there is no 
need to remove more angular momentum than what would leave it at break-up. The 
main uncertainty here lies in the unknown origin and strength of protostellar magnetic 
fields which primarily control the efficiency of the magnetic braking process. 

d. Conclusion 

Despite theoretical and observational uncertainties associated with each stage of the 
star formation process, substantial advances have been made to account for the large 
angular momentum losses which characterize the earliest phases of stellar evolution. 
While current models seem to be able to handle the angular momentum problem, they 
suggest that the early evolution of angular momentum is very sensitive to the detailed 
physical conditions which prevail in dark clouds. For instance, the critical density at 
which a cloud becomes unstable to gravitational collapse may vary from one cloud to 
another, depending upon enviromnental conditions such as the proximity of ionizing 
sources. Consequently, clouds on the verge of collapse may exhibit quite a wide range 
of rotational states. This issue is of particular importance because collapse calculations 
indicate that the rotational properties of newly-formed stars are determined to a large 
extend by the ratio of rotational to gravitational energy at the start of the gravitational 
collapse. A wide spectrum of initial conditions for collapsing clouds may then result in 
a significant spread in angular momentum among pre-main sequence stars. This and 
other issues related to the rotational properties of pre-main sequence stars are discussed 
in the next section. 
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I I I .  Ro t a t i on  in p r e - m a l n  sequence  stars 

The evolutionary state at which a star first becomes visible depends upon its mass. Low- 
mass stars appear at optical wavelengths long before they reach the main sequence (see 
Fig. 1), while high-mass stars evolve much more rapidly and are already near or on 
the main sequence when their surroundings become transparent to visible light. Hence, 
pre-main sequence stars with a mass less than a few solar masses axe the least evolved 
objects whose rotational velocities can be measured. 

At an age between 106 and 107 years, these stars still lie near their birthplace within 
large dark clouds distributed along the plane of the Galaxy. Historically, they have been 
divided in two broad classes according to their mass. Pre-main sequence stars more 
massive than 2.5 M® were first defined as a class by Herbig (1960) and are now known 
as Ae-Be Herbig stars, indicating A and B spectral types and emission features in their 
optical spectrum. Less massive ones, with spectral types late-F or later, are referred to 
as T Tauri stars, after the prototype of the class, and were first recognized as a class by 
Joy (1942, 1945) on the basis of their strong Ha line emission (EW(Ha)>  10 I and up 
to more than 100/~). For many years, Ha prism objective surveys of nearby dark clouds 
have been the most powerful way to discover new T Tauri stars. Recently, however, pre- 
main sequence stars exhibiting weak Ha emission ( E W ( H a ) <  10 ~-) were discovered 
during X-ray or CalI H and K line surveys of stellar formation regions (Walter 1986, 
Herbig, Vrba, and Rydgren 1986). These stars lack all the exotic properties of Joy's 
"classical" T Tauri stars (CTTS) and are now commonly referred to as "weak-line" T 
Tauri stars (WTTS, Herbig and Bell 1988). 

The spectral peculiarities of CTTS include strong Balmer and metallic emission 
lines in the optical, large continuous energy excesses compared to standard stars at 
both UV and near-IR wavelengths, and an often weak photospheric spectrum due to 
spectral veiling, i.e., partial or total filling-in of the photospheric absorption features 
by emission. In contrast, the photospheric spectrum of WTTS is very similar to that 
of late-type dwarfs, with only weak Ha and CalI H-K emission visible at low spectral 
resolution, and, while some WTTS exhibit small continuous energy excesses at near-IR 
wavelengths, none does in the UV domain. 

Current models for WTTS and CTTS have been recently reviewed by Bertout 
(1989). Several lines of evidence suggest that many young stars are surrounded by 
circumstellar disks and it is now widely believed that the exotic properties of CTTS 
primarily result from the interaction between the central star and its disk. Bertout, 
Basri, and Bouvier (1988) showed that the UV and near-IR continuous excesses of 
several CTTS can be accounted for by assuming accretion of matter from a Keplerian 
disk onto the stellar surface at a rate ranging from 5.10 -8 to 5.10 -7 M® yr -1. Basri 
and Bertout (1989) further suggested that the star/disk interaction may significantly 
contribute to CTTS radiative losses both in the Balmer jump and in the higher lines 
of the Balmer series. While CTTS accrete material from their circumstellar disk at 
appreciable rates, interpretation of the strong and broad (a few hundred km s -1) Ha 
line profile they exhibit suggests that they simultaneously drive strong winds, with 
mass-loss rates in the range from approximately 10 -s to a few 10 -r  M® yr -1 (see 
Catala, this volume). 
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The absence of detectable UV excess and of spectral  veiling in W T T S  indicates that  
they do not accrete mater ial  f rom a circumstellar disk at appreciable rates (]~/Iacc <_ 10 - s  
M® yr  -1 ,  see Bertout ,  Basri, and Bouvier 1988). Also, W T T S  show small or no near -  
IR excess, which indicates a relative paucity of warm dust very near  the star. Indeed, 
the spectral  propert ies of W T T S  from X- ray  to n e a r - I R  wavelengths can usually be 
unders tood as the result of so lar - type  chromospheric and coronal activity driven by 
a magnet ic  dynamo (Walter  et al. 1988, Bouvier 1990). Nevertheless, a recent r e -  
examinat ion of IR colors of W T T S  by Strom et al. (1989b) revealed tha t  a number  
of these stars, while exhibiting small nea r - IR  excess, have significant m i d -  and f a r - I R  
excesses, indicative of cool dust located at large distances from the stellar surface. They 
proposed that  these stars are surrounded by disks whose inner regions are relatively 
devoided of mat te r ,  and thus do not strongly interact with the star. 

The  rotat ional  propert ies of Herbig Ae-Be and T Tauri  stars are summarized be- 
low. The run of mean  rotat ional  velocity with mass is investigated and the rotat ional  
propert ies  of W T T S  and CTTS are compared. 

a. Mass-dependence 

The dependence of vsini upon mass for p re -ma in  sequence stars is shown in Figure 2, 
where T T S  younger than 107 years and Herbig Ae-Be stars are plotted. The mass of 
p r e -ma in  sequence stars was derived from the comparison of the s tar ' s  location in the 
H - R  diagram with theoretical convective-radiat ive evolutionary tracks as il lustrated in 
Fig. 1 and is probably  accurate to within 30%. Par t  of the large spread observed in 
vsini at any mass must  reflect an intrinsic spread in equatorial  velocities since neither 
measurement  errors nor random orientation of the rotat ional  axes t can entirely account 
for it (Ha r tmann  et al. 1986). An intrinsic spread in the angular m o m e n t u m  distribution 
of p r e -ma in  sequence stars can be easily understood owing to the complex pre-s te l lar  
angular  momen tum evolution discussed in the previous section. 

The  most  obvious feature of Figure 2 is that  Herbig Ae-Be s t a r s ,  with vsini in the 
range from 100 to 225 km s -1,  ro ta te  much faster than  T T S  (Finkenzeller 1984). At 
an age of 106 years, Be stars already lie onto the main sequence and Ae stars will soon 
reach it as late B - t y p e  dwarfs. Indeed, the vsini distr ibution of Herbig Ae-Be stars is 
very similar to that  of B0-B9 dwarfs as given by Zorec (1986) t. 

While less pronounced, an increase of rotat ion with mass also appears  within the 
T Tauri  class. Although they could not measured vsini less than  25 km s -1 because of 
ins t rumenta l  limitations, Vogel and Kuhi (1981) first showed that  T T S  more massive 
than  1.5 M® usually have larger rotat ional  velocities than less massive TTS.  Bouvier et 
al. (1986) measured vsini for a large sample of TTS  with a detection limit of a few km 

f Weaver (1987) claimed that he finds evidence for a non-random orientation of TTS rotational axes 
in the Taurus region. However, as discussed by Hartmann and Stauffer (1989), the values of the stellar 
radii used in Weaver's study are likely to be systematically overestimated. More reliable estimates of 
stellar radii yield results consistent with a random distribution of TTS axial inclinations (e.g., Bertout, 
Basri, and Bouvier 1988). 

~; The excess of slow rotators among B0-B9 stars in the usini distribution given by Wolff, Edwards, 
and Preston (1982), and used as a comparison by Finkenzeller (1984), is due to the inclusion of stars 
with luminosity class III-IV (Zorec 1986). 
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Figure 2. Ro t a t i ona l  velocit ies of  p r e - m a i n  sequence  s t a r s  y o u n g e r  t h a n  10 T years  as a f u n c t i o n  of  

s te l la r  mass .  W T T S  are represen ted  by open  circles and  C T T S  by dark  circles, while  Herbig  A e - B e  s t a r s  

are  s h o w n  as  crosses.  T h e  loca t ion  o f  inver ted  t r i ang les  ind ica tes  v s i n / u p p e r  l imits .  T h e  a p p r o x i m a t e  

r u n  of m e a n  vsini  wi th  m a s s  observed  for dwarfs  is d r a w n  as a d o t t e d  line. 

s -1 and proposed the 1.25 M® evolutionary track as a convenient dividing line between 
two rotational regimes. TTS more massive than 1.25 M® have a mean vsini of 30 km 
s -1 while less massive ones rotate at 15 km s -1, on the average. While this difference is 
highly significant, the vsini distributions of TTS on each side of the dividing line largely 
overlap and a smooth variation of the mean vsini with mass cannot be excluded from 
the data at hand. 

As illustrated on Figure 2, a sudden drop of rotation is observed on the main se- 
quence at spectral type F0-F4 (M = 1.2 - 1.4 M®, Kraft 1967): dwarfs with a spectral 
type later than GO usually rotate at less than 5 km s -1 while early-type dwarfs have 
a mean vsini of 100 km s -1 or more. The low rotation rates of late-type dwarfs were 
first interpreted by Schatzman (1962) as resulting from strong rotational braking due to 
magnetically-channeled mass-loss. The similar location of the rotational dividing line 
in TTS and in dwarfs suggests that low-mass pre-main sequence stars, which spend 
more time than massive ones on convective tracks, already have experienced significant 
rotational braking (Vogel and Kuhi 1981). There is, however, no observational evidence 
for a decrease of vsini with age along pre-main sequence convective tracks (see Fig. 1). 
Admittedly, derivation of TTS luminosities is difficult and makes uncertain the deter- 
mination of even relative ages for these stars. More significantly, comparison between 
the rotational velocities of TTS and of cool dwarfs in young clusters suggests that at 
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least some low-mass TTS are not significantly braked during their pre-maln sequence 
evolution (see below, Section IV). 

Alternatively, the observed increase of vsini with mass in pre-main sequence stars 
may be the direct output of the star formation process, i.e., more massive stars would 
form with higher angular momentum. Kraft (1970) found that, in early-type main 
sequence stars, the specific angular momentum scales with mass as: J i M  ,~ M °'6. 
Since the rotational history of massive stars is not affected by magnetic braking, this 
relationship is thought to reflect the angular momentum distribution these stars had 
at the end of the star formation process. Assuming solid-body rotation, solar-mass 
TTS have specific angular momenta of the order of 1017 cm 2 s -1, in rough agreement 
with what is expected from the extrapolation of Kraft's relationship to low-mass stars 
(Hartmann et al. 1986). In contrast, by the age of the Sun, low-mass dwarfs have orders 
of magnitude lower angular momentum due to magnetic braking. 

The work of Durisen et al. (t986) who investigated the stability of rapidly rotat- 
ing polytropes against fission may be relevant here. They showed that, for ratios of 
rotational to gravitational energy (/3 = ~2/4rcGp) larger than the dynamic bar mode 
stability limit (flcri, "" 0.27), fission instability leads to mass-loss in the form of spiral 
arms which may carry away up to 90% of the initial angular momentum. It is easy 
to show from the definition of ~ and J /M (= k • R 2 • ~), that the stability criterion 
(fl _</~crit) leads naturally to J i M  ,~ M 2/3. Thus, the onset of fission instability during 
the star formation process may be ultimately responsible for the observed dependence of 
rotation upon mass in pre-main sequence stars (see, however, Trimble 1984 and Brosche 
1986 for a critical interpretation of Kraft's relationship). 

As a final remark, it should be noted that, while the rotational dividing line is 
located in the same mass range for pre-main sequence and main sequence stars, the 
amplitude of the drop in rotation between high- and low-mass stars is much smaller 
in TTS than in dwarfs: high-mass TTS rotate more slowly than A-F dwarfs while 
low-mass TTS have much higher vsini than late-type dwarfs. This points to quite a 
different rotational evolution to the main sequence for stars on each side of the dividing 
line (see Section IV). 

b. Rotat ion in weak-l ine and classical T Tauri stars 

Figure 3 shows the vsini distribution of WTTS and CTTS younger than 107 years in two 
mass bins. Although rapid rotators seems to preferably occur among WTTS, statistical 
tests indicate no significant difference between the vsini distributions of WTTS and 
CTTS (Hartmann, Soderblom, and Stauffer 1987, Walter et al. 1988, Hartmann and 
Stauffer 1989). This is somewhat surprising since, in the absence of angular momentum 
loss, CTTS would be expected to rotate significantly faster than WTTS as a result of 
accretion of high angular momentum material from their disk. Hartmann and Stauffer 
(1989) showed that accretion from a Keplerian disk at a rate of 10 -7 M® yr -1 during 
106 years would spin up a rigidly rotating, fully convective solar-mass star to about 
half of its break-up velocity, i.e., roughly 150 km s -1 . Since the observed rotation rates 
of CTTS are much lower, they conclude that angular momentum loss must occur and 
suggest rotational braking by a magnetized stellar wind as the most likely mechanism. 
Assuming a mass-loss rate of 3.10 -s M® yr -1, they find that surface magnetic fields 
of a few times 103 gauss are required in order for the braking mechanism to balance 
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Figure 3. Distributions of vsini for WTTS and CTTS younger than 107 years. The vsini distributions 
of WTTS and CTTS with a mass less than 1.25 M® are shown in the left upper and lower panels, 
respectively, while the vsini distributions of more massive WTTS and CTTS are displayed in the right 
upper and lower panels, respectively. Stars with vsini upper limits of 10 km s-~ are included in the 
0-10 km s - l  bin, while stars with vsini upper limits of 15 km s - l  are shown by horizontal arrows. 

the angular  m o m e n t u m  excess due to disk accretion. Although there is considerable 
uncertainty on this result, due to the difficulty of est imating bo th  mass-accre t ion  and 
mass-loss  rates in CTTS and because of the unknown geometry  of the stellar magnet ic  
field, surface fields of a few times 103 gauss, i.e., similar to those observed in active 
l a te - type  dwarfs, seem plausible in TTS  (Bouvier 1990). 

Strong rotat ional  braking seems to be required to explain why C T T S  have rota- 
tional velocities well below b reak-up  despite disk accretion. In order to account for 
the similar rotat ion rates of C T T S  and W T T S ,  one must  fur ther  assume tha t  angular  
m o m e n t u m  losses in the wind adjust in such a way tha t  they exactly balance angular  
m o m e n t u m  gains from disk accretion. Cabri t  et al. (1990) recently found a correlation 
between the ampl i tude of IR-excess and the s trength of bo th  forbidden ([OI]) and per- 
mi t ted  ( H a )  lines in TTS.  Since IR excess arises in the disk while the lines they studied 
are formed in the wind, they interpreted this result as indicative of a causal link be- 
tween accretion and mass-loss  processes in CTTS.  However, a proport ional i ty  between 
mass- loss  rate and mass-accret ion ra te  in C T T S  does not imply comparable  angular  
m o m e n t u m  losses and gains. Rotat ional  braking is believed to primari ly depend upon 
the magnet ic  field s trength near the stellar surface, while accretion sp in-up  ul t imate ly  
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results from dissipative processes in the disk. Since angular momentum losses and gains 
seem to be controlled by largely independent physical mechanisms, a perfect balance 
between wind braking and accretion spin-up would appear rather coincidental. 

A more satisfactory explanation for the similar vsini distributions of WTTS and 
CTTS may be that WTTS shared with CTTS a common rotational history, i.e., that 
WTTS only recently ceased to accrete from a circumstellar disk. As noted above, the 
hypothesis that WTTS may have evolved from CTTS as clearing of the inner disk has 
resulted in the termination of disk accretion is supported by the mid- and far-IR colors 
of WTTS reported by Strom et al. (1989b). Because a few WTTS seem to be younger 
than 3.106 years while some CTTS are still found at an age of 10 7 years, Strom et al. 
proposed that disk lifetimes vary from star to star within this range. Alternatively, 
disk accretion at rates typical of CTTS might be an episodic rather than a steady-state 
phenomenon, with stars on their convective tracks switching several times between 
quiescent (WTTS) and active (CTTS) states as a result of, e.g., dynamical instabilities 
in the outer disk regions. This assumption would naturally explain the similar location 
of WTTS and CTTS in the H-R diagram as well as their comparable rotation rates, and 
could also possibly account for the large overlap observed in the lithium abundances of 
CTTS and WTTS (Strom et al. 1989a, Basri, Bertout, and Martin 1990). Moreover, 
steady-state accretion at a rate of the order of 10 -7 M® yr -1 and lasting 107 years 
implies a mass reservoir of at least 1 M® in the disk, while estimates of disk masses 
range from less than 0.01 to 0.1 M® (e.g., Chini 1989). This discrepancy can easily be 
solved by relaxing the hypothesis of steady-state accretion. 

Finally, it should be noted that disk accretion onto magnetized objects does not 
necessarily lead to stellar spin-up. The torque exerted on the star by the disk consists 
in two parts (see, e.g., Ghosh and Lamb 1979): i) a torque due to the disk material 
falling onto the star which always tends to spin it up, and ii) a magnetic torque which 
results from the interaction of the disk material with the star's magnetic field. The 
magnetic torque on the central star can be either positive or negative depending upon 
the Alfv6n radius being located inside or outside the corotation radius. For a solar- 
mass TTS rotating at 20 km s -1, the corotation radius at which the material in the 
Keplerian disk has the same angular velocity than the stellar surface lies at 6 R,. This 
is comparable to the value of the Alfvdn radius derived by Bertout, Basri, and Bouvier 
(1988) assuming a plausible magnetic field strength of a few times 103 G at the stellar 
surface. Hence, magnetic fields may play an important role in controlling the angular 
momentum flow near the stellar surface during the accretion process. 

IV. Rotat ional  evolut ion to the Main Sequence 

According to current models of pre-maln sequence evolution, TTS will reach the main 
sequence as dwarfs with spectral types between A and M. Comparison between the 
rotation rates of TTS and of A-M dwarfs is thus expected to bring insight into the 
evolution of stellar rotation prior to the main sequence. Unfortunately, there are very 
few known low-mass stars with an intermediate evolutionary status between the T Tanri 
phase and the main sequence residence ("post-T Tauri star "). As a result, the pre- 
main sequence rotational history of low-mass stars cannot be traced observationally 
and theoretical models were developed in order to fill the observational gap between 
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TTS and dwarfs rotation. These models are constrained by two boundary conditions: 
on one extreme, the vsini distribution of TTS, which defines the initial conditions of 
pre-main sequence rotational evolution, and, on the other, the vsini distribution of 
dwarfs recently arrived onto the main sequence. Current observational and theoretical 
problems related to pre-main sequence rotational evolution are reviewed below. 

a. High-mass stars (1.25 _< M, < 2.5 M®) 

TTS in this mass range will end onto the main sequence as A and early F dwarfs. Be- 
cause they lack deep surface convective zones where stellar magnetic fields are amplified 
by a dynamo process, A and early F dwarfs are not expected to experience significant 
angular momentum loss during their evolution onto the main sequence. Hence, most 
field Stars in this mass range are thought to have rotation rates much similar to those 
they had at the start of their main sequence evolution. 

The mean rotation rate of dwarfs decreases from 150 km s -1 at spectral type A0 
to 40 km s -1 at spectral type F3 (Fukuda 1982). TTS in the same mass range have 
vsini between 15 and 80 km s -1, with a mean rotation rate of approximately 30 km 
s -1. Assuming that vsini varies as l / R .  during the star's contraction to the main 
sequence, i.e., that there is no angular momentum transfer across radial shells in these 
predominantly radiative stars, TTS will reach the ZAMS with vsini between 40 and 
150 km s -a, in good agreement with the mean rotation rates observed for A and F 
dwarfs (Bouvier et al. 1986, Hartmann et al. 1986). If, instead, solid-body rotation is 
assumed, TTS will end onto the main sequence with rotation rates much higher than 
those observed for dwarfs unless strong angular momentum loss occurs (Hartmann et 
al. 1986). 

Although, on the average, A dwarfs have large rotational velocities, their vsini 
distribution is quite broad and exhibits an excess of slow rotators having vsini < 40 
km s -1. If the above picture is correct, the progenitors of slowly-rotating A dwarfs 
would be pre-main sequence stars with rotation rates less than about 15 km s -1, i.e., 
much lower than those commonly measured for TTS in the relevant mass range. There 
is growing suspicion, however, that most, if not all, slowly-rotating A stars belong to 
peculiar subgroups of the class, such as Ap and Am stars, or are members of short-period 
spectroscopic binaries, and have experience strong rotational braking (e.g, Fukuda 1982, 
Ramella et al. 1989). The low rotation rates of Ap stars is thought to result from 
magnetic braking prior and on the main sequence (Wolff 1981), while tidal interactions 
in close binaries may efficiently convert rotational into orbital motion (Wolff, Edwards, 
and Preston 1982). Although the mechanisms responsible for the low rotation rates of 
A stars with peculiar chemical abundances are still being debated, a large fraction of 
Am stars appear to be spectroscopic binaries in which tidal braking has occurred (Abt 
1961). Conceivably, magnetic and tidal braking may prevent at least some TTS from 
spinning up during their contraction toward the main sequence. Whether these two 
mechanisms alone can account for the excess of slow rotators among A stars is however 
unknown. 
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b. Low-mass  stars ( M ,  <: 1.25 M®) 

It takes approximately 30 million years for a solar-mass TTS to reach the main sequence. 
By that time, it has usually moved far away from its parental cloud and is difficult to 
locate among more evolved dwarfs of the field. In some cases, however, stars have small 
enough space motions to remain close to each other over much longer time scales. Then, 
as the parental gas cloud rapidly dissipates, an open cluster remains which contains large 
amounts of roughly coeval stars whose distances and ages are well determined. Indeed, 
young open clusters offer the opportunity to study the rotational properties of large 
samples of stars recently arrived onto the main sequence. 

Until the early 80's, the opinion prevailed that the rotational velocities of low-mass 
stars steadily decreased with time as a result of rotational braking due to magnetically- 
channeled mass-loss. This belief received support from the slow decline of rotation with 
age observed in cool main sequence stars (Kraft 1967, Skumanich 1972) and was still 
consistent with the more recent finding that low-mass TTS rotate much faster, on the 
average, than red dwarfs, which usually have vsini < 5 km s -1 by the age of the Sun. It 
thus came as a surprise when van Leeuwen and Alphenaar (1982) discovered K dwarfs 
in the young Pleiades cluster with rotational periods of a few hours, i.e., rotational 
velocities in excess of 150 km s -1, which implied a much more complex rotational 
evolution than previously envisioned. 

Subsequent studies of stellar rotation in young open clusters showed that rapid 
rotation was a widespread phenomenon among low-mass stars starting their evolution 
onto the main sequence (Stauffer et al. 1984, Stauffer, Hartmann, and Burnham 1985, 
Stauffer and Hartmann 1987, Stauffer et al. 1989). This is illustrated in Figure 4 (from 
Stauffer 1987), where the rotational velocities of low-mass stars in 3 open clusters are 
plotted against spectral type. From top to bottom, each panel displays stars belonging 
to open clusters of increasing age, thus providing a time sequence of the evolution of 
rotation in low-mass stars. 

At an age of 50 million years, ~ Persei is the youngest open cluster for which signif- 
icant amount of rotational data has been obtained (Stauffer, Hartmann, and Burnham 
1985). In this cluster, G stars are already on the main sequence while lower mass stars 
are still slightly above it. The vsini distribution of low-mass stars in the a Persei cluster 
is very wide, with approximately half of them rotating at less than 10 km s -1 while the 
others are more rapid rotators with vsini up to more than 150 km s -1. 

If TTS with a mass less than 1.25 M o are the progenitors of late-type dwarfs in the 
a Persei cluster, the existence of rapid rotators in this cluster implies that at least some 
TTS must be strongly accelerated as they contract to the main sequence. Spin-up along 
radiative pre-main sequence tracks is expected to result both from the star's contraction 
and from the development of a radiative core in the stellar interior. Assuming solid- 
body rotation and no angular momentum loss, Stauffer et al. (1984) estimated that a 
0.75 M® TTS will reach the main sequence with a 3-fold increase in rotational velocity. 
Thus, low-mass TTS will arrive on the main sequence with rotational velocities in the 
range of about 30 to 140 km s -1, in rough agreement with the rotation rates observed 
for rapid rotators in the ~ Persei and Pleiades clusters (Hartmann et al. 1986, Bouvier 
et al. 1986). 

Another explanation for the existence of rapid rotators among late-type dwarfs in 
young clusters would be that accretion from a circumstellar disk continues well beyond 
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F igure  4. Rotational velocities of stars less massive than 1.3 M® in 3 young open clusters (from 
Stauffer 1987). The cluster ages are indicated in each panel, and the correspondence between (V-I) 
photometric index and spectral type is given in the upper panel. For the Alpha Persei and Pleiades 
clusters, spectroscopic velocities are shown and stars plotted at vsini -- 10 km s-1 only have upper 
limits set on their spectroscopic velocity. For most stars with (V-I) less than 1.4 in the Hyades cluster, 
true efluatoriM velocities were derived from rotational modulation studies, while only spectroscopic 
velocities were measured for less massive stars. Upper limits of 10 km s -1 on the spectroscopic velocity 
are shown as inverted triangles. Note the change of vertical scale in the lower panel. 

the  T Taur i  s tage ,  as l o w - m a s s  s ta r s  a p p r o a c h  the  m a i n  sequence  on  r a d i a t i v e  t racks .  
Then ,  de sp i t e  a n g u l a r  m o m e n t u m  loss, s t a r s  which  acc re te  f rom a d isk  wou ld  b e  spun  
up  a n d  ar r ive  on the  m a i n  sequence  as r a p i d  ro t a to r s ,  while  s t a r s  w i th  no  a c c r e t i o n  d isks  
will  b e  m a g n e t i c a l l y  b r a k e d  a n d  ar r ive  on to  the  m a i n  sequence  as slow r o t a t o r s .  C T T S  
would  thus  be  the  p rogen i to r s  of  r a p i d  r o t a t o r s  a n d  W T T S  those  of  slow r o t a t o r s .  Th i s  
m e c h a n i s m  would  exp la in  b o t h  the  h igh  r o t a t i o n  r a t e s  o b s e r v e d  in young  c lus t e r  s t a r s  
a n d  t h e  coex i s tence  of  slow a n d  r a p i d  r o t a t o r s  a t  any  m a s s  a m o n g  these  s ta rs .  However ,  
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the assumption that disk accretion continues all the way down to the main sequence 
is not supported by current observational data. If low-mass pre-main sequence stars 
on their radiative tracks were accreting from a disk at a rate close to 10 -7 M® yr -1, 
they would be expected to exhibit properties similar to those of CTTS and, therefore, 
would probably not have escaped detection. No such star, located approximately mid- 
way between the T Tauri phase and the mmn sequence in an H-R diagram, has been 
discovered so far (see Figure 1). Obviously, lower accretion rates (< 10 -s M® yr -1) 
would lead to much less striking properties but the existence of optically thick disks 
extending down to the stellar surface would still be betrayed at IR wavelengths by the 
thermal emission of warm dust in the inner disk regions. Even in the total absence 
of accretion, reprocessing of the stellar photons by dust in the disk would lead to a 
significant IR excess. Strom et al. (1989b) and Skrutskie et al. (1990) find that approx- 
imately half of pre-main sequence stars younger than 3.106 years exhibit continuous 
energy excesses at 2.2 a~d 10 #m, while less than 10% of pre-main sequence stars older 
than 107 years show significant near-IR excesses. They conclude that the lifetime of 
optically thick disks extending down to the stellar surface does not exceed 107 years. 
Hence, by the time a solar-mass star begins its evolution on the radiative portion of its 
pre-main sequence track, the inner disk regions are optically thin and essentially clear of 
material. Sub-millimeter observations of pre-main sequence stars provide similar clues 
for disk evolution, in the sense that most of the circumstellar material surrouding the 
oldest stars is located in the outer parts of the disk (r >_ 1 AU, Chini 1989, Beckwith et 
al. 1990). 

Since accretion from a disk seems to be ruled out as a possible mechanism for 
spinning up low-mass stars on their radiative tracks, the observed spin-up must result 
from angular momentum conservation as the star contracts toward the main sequence. 
This is somewhat surprising because TTS winds are expected to carry significant amount 
of angular momentum away from the star. Hartmann and Noyes (1987) proposed that 
rotational braking in these stars could actually be quite inefficient if the magnetic field 
structure was chaotic rather than organized. Some support to this hypothesis comes 
from the comparison between the results of spectropolarimetric observations, which 
fail to detect magnetic fields at a level of a few hundred gauss in TTS (Brown and 
Landstreet 1981, Johnstone and Penston 1986, 1987), and the study of TTS magnetic 
activity, which provides indirect evidence for magnetic field strength of a few thousand 
gauss at the surface of TTS (Bouvier and Bertout 1989, Bouvier 1990). These two 
results can be reconciled by assuming that strong magnetic fields of opposite polarities 
exist at the stellar surface. Such a chaotic magnetic structure would remain unnoticed 
by polarimetric measurements which are only sensitive to the longitudinal field strength 
integrated over the stellar disk and would thus yield a null averaged value. 

While angular momentum conservation on radiative tracks may account for a Persei 
rapid rotators, an approximately equal number of stars in this cluster have vsini less 
than 10 km s -1. Three broad classes of mechanisms have been proposed to date to 
account for these slow rotators: i) a large spread in angular momentum among pre- 
main sequence stars, ii) a spread in age among stars in young clusters, and iii) non- 
conventional pre-main sequence rotational braking. 

Hartmann and Stauffer (1989) suggested that the progenitors of slowly-rotating a 
Persei stars should be searched for among TTS for which only vsini upper limits of the 
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order of 10 km s -1 could be derived. Indeed, these stars must rotate  at a few km s -1 at 
most if they are to reach the main sequence with vsini less than 10 km s -1. However, 
only 25% or so low-mass TTS  have a vsini upper limit of 10 km s -1. Moreover, Bouvier 
et al. (1986) measured vsini for 28 TTS  with a resolution limit of a few km s -1 and 
failed to find any TTS  with a vsini less than 6 km s -1 t. Therefore, it seems very unlikely 
that  very slowly-rotating TTS  exist in such a number as to explain the large fraction 
of slow rotators  in young clusters. Alternatively, Bouvier et al. (1986) suggested that  
very slowly-rotating pre-main sequence stars may not exhibit T Tauri characteristics 
and therefore have escaped detection. Complete surveys of the stellar content of known 
formation regions, including those stars which show no emission, are needed to test this 
hypothesis. 

A combination of rapid main sequence spin-down and significant age spread among 
la te- type  dwarfs in young clusters has been proposed by Stauffer et al. (1984) as an 
explanation for the coexistence of slow and rapid rotators  in the same mass range. 
Comparison between the vsini distributions of stars in the ~ Persei and in the Pleiades 
clusters in Fig. 4 shows that  all rapidly-rotat ing G stars in the ~ Persei cluster have 
been braked down to rotational velocities less than 20 km s -1 by the age of the Pleiades, 
i.e., in less than 20 million years after their arrival onto the main sequence (Stauffer, 
Hartmann,  and Burnham 1985). This observational result agrees with models of the 
rotational evolution of solar-mass stars (Endal and Sofia 1981, Pinsonneault  et al. 1989) 
which predict that ,  at the start  of main sequence evolution, magnetic braking primarily 
affects the outer  convective envelope while the radiative core remains in rapid rotation. 
Since the convective envelope contains only a small fraction of the total moment of 
inertia of a solar-mass star, rapid spin-down of the surface layers results. Stauffer, 
Hartmman, and Burnham (1985) further suggested that  the braking t ime scale increases 
in lower mass stars as the convective envelope thickens. This would explain why a large 
fraction of K stars in the Pleiades cluster are still rapid rotators  while all G stars have 
already been spun down (see Fig. 4). In the much older Hyades cluster, only the least 
massive stars are left with significant rotational velocities. 

Assuming an age spread among the o~ Persei cluster stars comparable to the spin-  
down time scales of G and K stars, slow rotators would be the older stars which have 
first reached the main sequence where they were rapidly spun down, while rapid rotators  
would be younger and have not had time yet to experience significant main sequence 
braking. In order to test this hypothesis, Butler et al. (1987) measured lithium abun- 
dances in 4 rapidly-rotat ing and 4 slowly-rotating Pleiades K stars. They  found that  
rapid rotators have an order of magnitude higher lithium abundances than slow ro- 
tators and interpreted this result as an age effect, indicating that  rapid rotators are 
younger than slow ones. Whether  lithium abundance is a good indicator of age in 
these stars is, however, questionable. In fact, the origin of the large spread observed in 

? The lowest vsini upper limit measured so far, vsini <_ 3 km s -1, was reported by Bouvier (1990) 
for each component of the weak emission-line spectroscopic binary V826 Tau. While this measure- 
ment confirms previous suspicion that the binary system is seen almost pole-on (Mundt eL al. 1983), 
it also provides an upper limit for the contribution of broadening agents other than rotation (e.g., 
macroturbulence, magnetic fields) to the width of the line profile, 
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the lithium abundances of pre-main sequence and of young cluster stars is poorly un- 
derstood (Basri, Bertout, and Martin 1990, Balachadran, Lambert, and Stauffer 1988, 
Stauffer et al. 1989). In particular, clear understanding of the impact stellar rotation 
may have upon the abundances of light elements in low-mass stars is needed before any 
firm conclusion can be drawn from Butler et al.'s results. 

The age spread hypothesis actually faces several dimculties. First, in order to 
account for the existence of slow rotators among a Persei K stars, an age spread of the 
order of the spin-down time scale of K stars is required, i.e., several 107 years, which 
is comparable to the cluster's age. The situation is even worse for slowly-rotating M 
stars, since the spin-down time scale for these stars seems to be of at least l0 s years. 
Second, the recent study of a cluster even younger than a Persei, IC 2391 with an age 
of 30 million years (Stauffer et al. 1989), shows that low-mass stars in this cluster have 
vsini in the range from 15 to 150 km s -1 , i.e., not significantly different from the vsini 
distribution observed for low-mass stars in the Pleiades cluster. Yet, low-mass members 
of IC 2391 exhibit small dispersion about the 3.107 year isochrone, which indicates an 
age spread of 2.107 years at most. This result led Stauffer et al. (1989) to question the 
validity of the age spread hypothesis as an explanation for the wide vsini distribution 
observed for low-mass stars in young clusters. 

The third class of models proposed to account for slow rotators in young clusters 
refers to non-conventional rotational braking. Usual braking laws predict that the an- 
gular momentum loss rate scales with some power of the stellar rotational velocity. This 
is because angular momentum loss due to magnetically-channeled mass-loss is partly 
controlled by the magnetic field strength which, in turn, is assumed to scale with the 
star's rotational velocity. Then, rapid rotators are more strongly braked than slow ones 
and this results in a narrowing of the initial rotational distribution. Such braking laws 
are, therefore, unable to account for the observed widening of the rotational velocity 
distribution of low-mass stars between the T Tauri phase and the main sequence. As 
an alternative, Stauffer and Hartmann (1987) showed that the rotational velocity dis- 
tribution of low-mass TTS could be reconciled with that of K and M Pleiades dwarfs 
assuming that rotational braking is independent of rotation, at least for stars with vsini 
larger than 10 km s -1. They justify this ad hoc assumption by noting that manifes- 
tations of magnetic activity in rapidly-rotating late-type stars, such as chromospheric 
and coronal emissions, weakly scale with rotation. This result, however, is somewhat 
controversial as Bouvier (1990) found evidence for a correlation between X-ray emission 
and angular rotation in TTS, which is similar to that found for late-type dwarfs and 
evolved binaries. More important, a key assumption of the models which account for 
initial fast rotation on the main sequence and subsequent rapid spin-down (e.g. Endal 
and Sofia 1981), is that angular momentum loss rate strongly depends upon rotation. 
Whether the alternative braking law proposed by Stauffer and Hartmann (1987) would 
still account for both pre-main sequence spin-up and rapid main sequence spin-down 
as observed is unclear. 

None of the proposals summarized above consider the potentially important effects 
of binarity and/or planetary formation upon the early rotational evolution of low-mass 
stars. Recent observational studies of radial velocity variations in TTS suggest that 
the frequency of short-period binaries (P < 100 days) is similar among WTTS and 
solar-type dwarfs, and perhaps somewhat lower in CTTS (e.g., Mathieu, Walter, and 
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Myers 1989). Obviously, the pre-main sequence rotational history of single and binary 
stars may be quite different. Tidal torques in close binaries will maintain synchronism 
between rotational and orbital motions, so that angular momentum loss in these systems 
will result in a shrinkage of the orbits and subsequent spin-up of the binary components 
(see, e.g., van't Veer and Maceroni 1989). One may thus suspect that rapidly-rotating 
stars in young clusters are members of close binary systems while slow rotators are single 
stars. However, Stauffer et al. (1984) find no evidence for the radial velocity variations 
that would be expected if rapidly-rotating Pleiades K stars were short-period binaries. 
Moreover, it would be difficult to understand how rapidly-rotating close binaries manage 
to spin down to rotational velocities of 10 km s -1 or less shortly after their arrival onto 
the main sequence. 

Alternatively, if no angular momentum loss occurs during pre-main sequence evo- 
lution, as seems to be required to account for fast rotators, members of close binaries 
will effectively be spun down. The reason is that, as stars in binary systems tend to 
spin-up due to the reduction of their moment of inertia on radiative tracks, tidal inter- 
actions will convert angular momentum of spin into orbital motions, which will result 
in wider orbits and further rotational braking until tidal torques are not strong enough 
to ensure synchronization between rotational and orbital periods. Indeed, tidal braking 
as been invoked by various authors to account for the excess of slow rotators among 
A-type dwarfs (see above). This mechanism would then identify rapid rotators in young 
clusters with single stars and slow ones with binary systems. This is consistent with 
Stauffer and Hartmann's (1987) finding that slow rotators among Pleiades K dwarfs 
are more often photometric binaries than rapid ones. While attractive, this hypothesis 
should be tested quantitatively by working out the time scales associated with angular 
momentum transfer in close binaries. 

Transfer of angular momentum of spin into orbital motions may also take place 
during planetary formation. Stauffer and Hartmann (1986) and Stauffer and Soderblom 
(1989) speculated that slow rotators in young clusters could be stars which deposited 
most of their angular momentum into planetary systems while rapid rotators would 
have conserved their initial angular momentum. Current theoretical understanding of 
the dynamical evolution of proto-planetary disks around young stars does not allow one 
yet to test this hypothesis on quantitative grounds (see, e.g., Morrill and Wood 1989 
and references therein). Apart from the Sun, there is only one clear-cut case of a main 
sequence star surrounded by a circumstellar disk. Direct CCD imaging of the star fl 
Pictoris, a 2M® dwarf whose age is estimated to be of a few times 106 years (R. Cayrel, 
priv. comm.), has revealed the existence of an optically thin dusty disk viewed nearly 
edge-on and extending more than 1100 AU away from the star (Smith and Terrile 1987). 
Whether large solid bodies have already formed in the disk is unknown. Nevertheless, 
the rotational velocity of ~ Pictoris, v _~ vsini = 139 km s -1, is quite typical of an 
A5 dwarf and actually corresponds to the peak of the rotational velocity distribution 
for stars in this mass range. This suggests that the rotational evolution of/3 Pictoris 
has not been significantly affected by the presence of a circumstellar disk and, perhaps, 
planetary formation. 



66 

V.  C o n c l u s i o n  

In the last 10 years, the study of rotation in pre-main sequence stars has provided a 
number of severe observational constraints to be faced by theoretical models of star 
formation and early stellar evolution. Well-established observational facts may be sum- 
marized as follow: i) pre-main sequence stars rotate at a fraction of break-up velocity; 
ii) the increase of mean rotational velocity with mass observed in main sequence stars 
is already present, though less pronounced, in pre-main sequence stars; iii) weak and 
strong emission-line stars have similar rotational velocity distributions; iv) the distri- 
bution of rotational velocities in low-mass stars widens between the T Tauri phase and 
the arrival upon the main sequence, with at least some young stars being accelerated on 
their radiative pre-main sequence tracks. Various attempts have been made to address 
these results. Although models of star formation are not yet able to describe the com- 
plete evolutionary process from diffuse interstellar clouds to visible pre-main sequence 
stars, it clearly appears that rotational braking by magnetic fields must play a crucial 
role in the evolution of angular momentum during this phase. Parametrized models of 
the evolution of angular momentum in solar-mass stars from the T Tauri phase to the 
main sequence have reached qualitative agreement with observations in predicting both 
pre-main sequence spin-up and rapid main sequence spin-down. However, no satisfac- 
tory explanation has been proposed so far of the observed widening of the rotational 
velocity distribution of low-mass stars between the T Tauri phase and the zero-age 
main sequence. 

While significant advances in our understanding of the evolution of angular mo- 
mentum prior to the main sequence are to be expected from theoretical models in the 
present decade, several issues have still to be addressed observationally. In particular, 
observational efforts should be directed toward the determination of the rotation rates 
of TTS which only have upper limits of 10 km s -1 set on their spectroscopic velocity. 
Long-term photometric monitoring of these stars would allow one to measure rotational 
velocities down to a few km s -1 , thus providing a complete determination of TTS rota- 
tional velocity distribution. Another critical issue relates to the binary frequency among 
TTS. On-going efforts made by several groups using various observational techniques 
(CCD imaging, optical and IR speckle interferometry, lunar occultations, radial velocity 
variations) should soon provide reliable estimates of the fraction of binaries among pre- 
main sequence stars. Finally, the very high signal-to-noise ratio required to measure 
the Zeeman splitting of photospheric line profiles at high spectral resolution might al- 
ready be obtainable for the brightest TTS. Obviously, since magnetic fields are thought 
to play a crucial role in the rotational evolution of young stars, a direct determination 
of this key parameter is highly desirable. 

Acknowledgements: Discussions with M. Gerbaldi and J. Zorec on the rotational prop- 
erties of A and B dwarfs are gratefully acknowledged. I am also indebted to J. Stauffer 
for providing Figure 4 of this paper. 
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T H E  I N T E R N A L  R O T A T I O N  OF T H E  SUN 

Werne r  D~ippen 
Space Science Department of ESA, ESTEC 

2200 AG Noordwijk, The Netherlands 

Abs t r ac t .  An introduction to current techniques to infer the Sun's internal rotation 
from observed acoustic oscillation modes is given, and some representative results are 
shown. 

1. I n t r o d u c t i o n  

As soon as the solar five-minute oscillations were recognized as a superposition of a large 
number of normal modes, their precisely determined oscillation frequencies became an 
important tool to diagnose the physics of the Sun's interior. The internal rotation has 
been an obvious candidate for helioseismology, since it leaves a qualitative imprint in the 
form of frequency splittings. In the absence of symmetry-breaking forces, the frequency 
of an oscillation mode of angular degree I is (2/ + 1)-fold degenerate. Rotation lifts 
this degeneracy, and in the power spectrum multiplets with 2l + 1 terms appear. The 
rotational splittings are tiny: the frequency separation is determined by the period of 
rotation, i.e. about 25 days, 7500 times larger than a typical p-mode period (5 minutes). 
Nevertheless, the spectacular observational progress of helioseismology of the last 15 
years has made the observation of these rotational splittings possible, and an already 
quite clear picture of the internal rotation of the Sun is emerging (for recent reviews 
see, e.g., Harvey, 1988; Christensen-Dalsgaard, 1989). 

I will begin with a brief introduction to the theoretical principles (section 2) and 
observational facts (section 3) of helioseismology. Then, in section 4, I will discuss the 
connection between solar rotation and oscillation frequencies, both in the forward and 
backward direction. 

The purpose of this article is to show the basic physical principles behind the recent 
developments. With this emphasis on methods, I will not be able to mention many 
details (for more see e.g. Christensen-Dalsgaard, 1989). However, I will explain in some 
detail those definitions that are used in the presentations of the observers (such as the 
Legendre expansion coefficients ai's). 
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2. Hel ioseismology:  t h e o r y  

In this section, I present two different approaches to the dynamical problem of 
finding the solutions for the motion of the stellar fluid around its equilibrium state. 
Nonlinearities are neglected, and the problem of stellar oscillations is equivalent to 
finding all normal modes. The first approach will be an outline of the complete numerical 
solution. The similarity with other eigenvalue problems in mathematical physics is 
stressed (e.g. vibrating strings, bound states in quantum mechanics). The second 
approach will be based on a simplified wave equation and on propagation diagrams that 
reflect local conditions in a star. This approach is best suited for a qualitative discussion 
of the frequency spectrum of modes. Important characteristics of the modes, like their 
type (p or g mode, see below) or penetration depth are directly visible in propagation 
diagrams. For both approaches, my emphasis will be on methods. A much more detailed 
description can be found, for instance, in the recent review by Christensen-Dalsgaard 
and Berthomieu (1990). 

2.1 Outline of numerical computations of stellar oscillations 

Assuming the existence of a stable and constant equilibrium configuration, we start out 
from the hydrodynamic equations for compressible fluids 

0y~ 
at + v .  Vv = - 1-Vp+ V~b . (1) 

P 

Here, v is the (Eulerian) velocity field, p and p pressure and density, respectively, and 
¢ is the (self-) gravitational potential. For simplicity, we have disregarded viscosity. 
To this equation, one must add the usual equation of continuity and also an energy 
equation, which - in the simplest case - is replaced by a condition of adiabaticity, 
normally expressed in the form of constant co-moving specific entropy (per mass). Under 
the assumption of adiabaticity, stellar pulsation is frictionless and energy conserving. 
This condition is very well satisfied in the bulk of the solar interior. Only close to the 
surface does the thermal time scale become comparable to the dynamical one (of about 
one hour); deeper down the thermal relaxation time is much longer (about 10 7 years 
for the entire Sun). 

It is clear that the assumption of adiabatic motion precludes any discussion of 
mode excitation and damping, necessary to understand why a given pulsation mode 
is active while another is not. Nevertheless, this hypothesis of adiabaticity still leads to 
many important results by telling, e.g., what the linear eigenfrequencies are. Virtually 
the whole success of helioseismology has been so far in the framework of adiabatic 
pulsations; only very recently have serious attempts been made to go beyond and to 
address questions like mode excitation, damping, and amplitudes (for a review see Cox 
et al., 1990). 

In the following I discuss a few of the key steps used in manipulating Equation (1). I 
will be very brief, but details can be found, e.g., in the book by Unno et al. (1989). In this 
section, we restrict ourselves to a simple, but still relevant case, in which the equilibrium 
configuration is assumed to be at rest and spherically symmetric (rotation will be 
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discussed in chapter 4.). The gravitational potential is assumed to be static, i.e. its 
distortions due to the stellar pulsation itself is neglected (this is the so-called Cowling 
approximation, see Unno et al., 1989). Restricting even more to small  perturbations, 
we introduce linearization of Eq. (1). 

The static equilibrium and the linearized equations allow the separation of the 
time dependence in the form of exp(iwt) .  The spherically symmetric equilibrium 
configuration allows expressing the field variables (displacement vector, pressure, and 
density ) as a series of spherical harmonics Yl m of angular degree l and azimuthal 
order m, so that each term in the series is itself a solution of the equations. The 
adiabatic assumption is used to link pressure and density fluctuation with the help 
of a thermodynamical quantity (the adiabatic exponent), which is a given quantity 
of the equilibrium model. One arrives therefore at a fourth-order system for the 
(independent) three displacement-vector components and the pressure fluctuation. The 
Cowling approximation allows yet another simplification; with it, the tangential part of 
the displacement field becomes proportional to the tangential component of the gradient 
of the (Eulerian) pressure fluctuation, and thus the only independent fields remaining are 
the radial component of the displacement vector and the pressure fluctuation. Their 
amplitudes are governed by the following (schematic) system of ordinary differential 
equations 

dyl 

dr 

dy2 
dr 

-- f l l ( r ) y l  ÷ f l : (r ;  l;w2)y: 

- -  f 2 1 ( r ; ~ 2 ) y l  -~ f22(r)y2 (2)  

r 
pl 

Y 2 - -  grp 

Here, the functions f i j(r ;w 2) are expressions involving quantities of the equilibrium 
model (like pressure, density, local gravity, sound-speed, etc.). As is standard practice, 
the labels l and w are dropped in the yi's. The prime ' denotes the Eulerian (first-order) 
displacement from equilibrium. 

Adding boundary conditions to equation (2) leads to an eigenvalue problem. The 
one at the center is the usual regularity condition due to the singular nature of Eq. (2). 
From the specific nature of the coefficients one knows (see Unno et al., 1989) that 
Eq. (2) has a regular-singular point at r -- 0, and so there is a regular and a singular 
solution. Picking the regular one gives the boundary condition (this is explicitly done by 
a standard power-series development). The outer boundary condition is not so simple. 
In principle, one would have to put a good  stellar atmosphere (for which there are 
elaborate models) at the outer end, and impose smooth matching as the outer boundary 
condition. Until now, nobody has done this in a satisfactory way, and simpler approaches 
must be chosen. Often an isothermal atmosphere is assumed, and the outer boundary 
condition is determined by a discussion of propagation and reflection of sound waves in 
a stratified atmosphere analogous to Lamb (1932) (we come to that in 2.2.). Here, we 
can afford something even simpler, namely a mechanical boundary condition of the form 
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gp = 0 where 5 stands for the Lagrangian displacement. Such a boundary condition is 
the three-dimensional analogon of a frictionless lid. In terms of our variables yl and y2, 
the condition 5p = 0 is given by yl + y2 = 0. 

In principle, finding the eigenvalues of Eq. (2) is really not much harder than 
those of a vibrating string, whose equation is d2y/dx ~ + ¢v2y = 0 with boundary 
conditions y = 0 at two different x values. The only complication in Eq. (2) comes 
from the nonconstant coefficients, but numerically it is still an easy task. The hard 
part is finding the equilibrium solution which delivers the coefficients for Eq. (2). A 
still excellent introduction to the basic principles of stellar modelling is the book by 
Schwarzschild (1958) (though it cannot, of course, cover the fascinating progress that 
has been made since then, mainly thanks to the tremendous increase in computing 
power). 

2.2 Qualitative discussion using propagation properties 

We adopt the asymptotic discussion of Deubner and Gough (1984), which itself is similar 
to the treatment of acoustic waves by Lamb (1932) [see also Christensen-Dalsgaard 
(1986)]. For wavelengths much shorter than the solar radius, normal oscillation modes 
can be quite accurately discussed using the simplified wave equation 

• " + K2(r)q2 = 0 .  (3) 

Here, k9 = V/-fic2div(SR), where p and c are density and sound speed of the equilibrium 
configuration, and 5R is the fluid displacement vector. The local wave number is given 
by 

"~-------~ + - - ( - 1 )  (4) K2(r ) _ ~ 2 -  2 I ( l + l )  N ~ 
C 2 r 2 ~ -  , 

with the acoustic cut-off frequency defined by 

- c2 - 2 d H  2 (1 ) (5) 
wc 4H 2 ~-r ' 

and the Brunt-V/~is/~l/~ frequency N by 

g 
:v2 = g ( H  - ' (6) 

where H is the density scale height and g the local gravity. From the form of Eq. (3) (to 
which upper and lower boundary conditions must be added), one immediately realizes 
that in propagation zones necessarily K 2 > 0. 
Our present qualitative discussion of the influence of mass and evolution on oscillation 
frequencies aims at showing the maximum of effects with a minimum of curves. Here, 

2 in K. For finer details we refer the reader we restrict ourselves to the role of N 2 and wc 
to Deubner and Gough (1984), Christensen-Dalsgaard (1986) or Gough (1985). 

With the convenient definition of the Lamb frequency 

S~ - l(l + 1)c 2 (7) 
¢,2 
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we obtain the simplified necessary conditions for propagat ion  of an acoustic wave, w > wc 
and 6a > Sl. Additionally, in order to have a t r apped  standing wave, it is also necessary 
tha t  in some surface layer wc becomes greater  than  w. This happens  indeed; the height 
of this (outer) wc mounta in  is the greater,  the cooler the local t empera tu re  at the edge 
of the s tar  is [this is seen from Eq. (5)]. 'Mathemat ica l '  stars with zero t empera tu re  
at the outer  boundary  have an infinitely high wc mountain;  they can therefore t rap  
modes of a rb i t ra ry  high frequency. Real stars have an ' inversion'  t empera tu re  (just 
above the photosphere);  further  up t empera tu re  begins to rise again. The  m a x i m u m  
p-mode  frequency 'measures '  this inversion tempera ture .  

In propaga t ion  zones (if a constant  adiabat ic  exponent  of 5/3 is assumed),  a fur ther  
simplification follows f rom the fact that  w > g/c implies w > we. And finally, we choose 
the approximat ion  of identifying (the absolute value of) g/c with N,  which certainly 
gives the correct order of magni tude  in radiat ive zones (but would be entirely wrong in 
convection zones, where N ~ 0). The advantage of this choice is tha t  the same simple 
curves will also give some information about  g modes.  

10 
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Figure 1. Critical frequencies as functions of the fractional radius r /R. The solid line denotes 
the Brunt-V£is/il/i frequency N, the dashed line the Lamb frequency Sl for I --= 1. The model 
parameters are: hydrogen abundance X -- 0.70, heavy-element abundance Z -- 0.01, and 
the mixing-length parameter I/Hp = 1.5. Stellar age is indicated by the central hydrogen 
abundance Xc (from D£ppen et al., 1988). 

Let us now consider Sl (we choose the representat ive case 1 = 1) and N in a model of 
a I M o star  (Figure 1). Due to the ra ther  deep convection zone, N cannot represent  the 
increase of wc close to the surface, and so the d iagram does not show the upper  turning 
point tha t  is caused by the large spatial  inhomogenei ty near the surface. In Figure 1, 
S1 defines the penet ra t ion  depth of the l = 1 modes;  for l > 1 the corresponding curves 
would be shifted to the right, as required by Eq. (7). 
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F i g u r e  2. Same as Figure 1, but for a more evolved model (from Dgppen et al., 1988). 

Figure 1 also shows how to distinguish p modes from g modes. The distinction is 
only asymptotic. Modes with w --+ oo would become true p modes (but they cease to be 
trapped above a certain frequency, see above). Modes with w ---+ 0 become true g modes 
[they have a large K 2 due to N/w, see Eq. (4)]. Outside the asymptotic regime one still 
speaks of p modes and g modes, but they are not 'pure', though most of them are of a 
dominant type. Only in highly evolved stars do genuine dual-status modes appear. 

3. Hel ioseismology:  observat ions  

After the discovery of the solar 5-minute oscillations by Leighton et al. (1962), it took 15 
years before they were recognized as global oscillations (Deubner, 1975; Rhodes et al., 
1977). To illustrate the tremendous observational progress made since, I oppose mid- 
seventies data (Figure 3) to end-eighties data (Figure 4). 

Figure 3 shows one of the earliest so-called k - w diagrams (contours of velocity 
power as a function of frequency w and horizontal wavenumber kh). Barely visible 
ridges connect modes with the same radial order n. These diagrams gave the final proof 
of the global solar nature of the 5-minute oscillations, because their qualitative features 
were those of any oscillating gaseous sphere, and because quantitatively they correspond 
to what we expect from the Sun (note the model predictions shown in Figure 3). The 
tremendous observational progress of helioseismology made since (intermediate steps 
were e.g. Duvall, 1982; Harvey and Duvall, 1984) is demonstrated by the state-of-the- 
art Figure 4 (from Libbrecht and Woodard, 1990). Note the 1000 a error bars! Further 
note that the horizontal wave number kh has been replaced by the angular degree l, 
which is more useful for the theorist. 
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Figure  3. (kh --w)-diagrams of velocity fluctuations. The contours indicate observed velocity 
power (in some units), and the solid lines are theoretical calculations for two models, with mass 
fractions of the convective envelope as indicated at the lower right (from Rhodes et al., 1977). 

The data like those of Figure 4 [see Libbrecht et al. (1990) for the most recent 
frequency tables] allow a high precision analysis of the structure of the solar interior. 
Indeed, the relative precision, with which each of the observed mode frequencies u,~t is 



76 

0 20 40 60 80 I00 120 140 

Spherical  Harmonic  Degrec 

Figure  4. Observed 1986 p-mode frequencies from Big Bear Solar Observatory, with 1000 times 
magnified la  error bars (!) (from Libbrecht and Woodard, 1990). 

determined, attains 10 .4 , which is at least one order of magnitude bet ter  than the 
uncertainties of the theoretical predictions. The reason for this inadequacy of the 
theoretical models is that  they are not (yet) sufficiently sophisticated, because the usual 
simplifying assumptions on convection, opacity, nuclear physics, internal rotation, and 
other physical ingredients are not good enough to explain all the details encountered in 
the seismological data. 

If the Sun were spherically symmetric,  then each mode frequency v,~z would be 
2l + 1 times degenerate. The solar rotat ion breaks this symmetry  (like any other 
nonspherical per turbat ion,  such as e.g. magnetic fields), thus it splits each frequency 
into a multiplet.  This is a small effect, since the characteristic frequency splitting is of 
order of that  of the solar rotat ion whose period is a little less than a month.  Therefore 
the rotat ional  splitting is too small to be visible in a plot of absolute frequencies such as 
Figure 4. However, thanks to observation series of weeks and months,  the splittings can 
be well observed for a wide range of l (see, e.g., Harvey, 1988 and references therein; 
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Figure  5. Rotational splitting of an l = 1 p mode (n = 17). The upper and lower side bands, 
separated from the real peak by 11.57 #Hz (corresponding to the 24-hour modulation of the 
signal), are also visible (from Pall~ et al., 1988). 

additional references are given in section 4). To illustrate, Figure 5 shows a typical 
rotat ional  splitting. 

Solar oscillations are measured either in intensity or velocity, with or without spatial 
resolution. Velocity measurements use the Doppler shift of a certain spectral line [see, for 
an introduction,  the book by Unno et al., (1989)]. Whole-disk observations (e.g. Claverie 
et al., 1979) project  the Sun onto a point; the absence of spatial resolution precludes 
observation of modes with l greater than about 3. In other  observations the Sun is 
projected onto the equator l ine  (Duvall and Harvey, 1984). Such observations can 
separate modes with different l, but not all m (see below). Only the extreme case m = + l  
modes can so be detected. A complete identification of all modes, with any l and m, 
can be achieved with full-disk measurements; in these the solar disk is resolved into 
a large set of 'pixels', for each of which the relative velocity is measured (e.g. Brown, 
1985; Duvall et al., 1986; Brown and Morrow, 1987; Korzennik et al., 1988; Rhodes et 
al., 1988). 

Before coming to the importance of the m dependence of mode frequencies, I should 
like to emphasize the smallness of the amplitudes of the solar oscillations. Individual 
modes have velocity fields on the order of 10 - 20 cm/s ,  which correspond to amplitudes 
on the order of 10 -7 relative to the solar radius. The only reason why the observational 
techniques (which are admit tedly very sophisticated) can succeed in measuring these 
tiny oscillations is the strict periodicity of a mode. Typical  mode lifetimes are from a 
few days to a couple of weeks. The fact that  a mode can be followed over a very large 
number  of periods allows to filter out solar and terrestrial  noise (e.g. solar granulation,  
fluctuations of the earth 's  atmosphere,  etc. ). 

As mentioned above, if the" Sun were spherically symmetric,  then each mode 
frequency u,~t would be 21 + 1 times degenerate. To first order,  a rotat ionally split 
multiplet is equally spaced, and the deviation from this linear relation is small (see 
section 4). For this reason, the whole multiplet can adequately be described by a small 
set of parameters  that  define the spacing and the deviation from linearity, 
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_(0) (1) ~ ~ )m 2 v,~l,~ = %1 + c, ,  m + e + ... (8) 

The few lowest coefficients c (1) then carry all information needed, allowing a substantial nl 
reduction in the volume of data, especially for the higher I. While in principle each 
multiplet u,~lm (m = - l ,  ... + l) determines a polynomial of degree 21 + 1 and thus all 
the 21 + 1 coefficients ci in a unique way, the purpose of expanding in a series of type (8) 
is to mimic the high-/mult iplets  to a good approximation by a much smaller number of 
parameters. In this case, however, there is no unique determination of the coefficients, 
and therefore there are better and worse expansions. 

In practice, it has turned out that  the following expansion in a set of ovthogonal 
polynomials has been more adequate (Duvall et al., 1986; see also the review by Harvey, 
1988) 

N 

Vnlrrr ~nl i E m - = a l P i ( -  ~-), (9) 
i = 0  

where 19~ 1 denotes the m-ave ra~d  frequency of the multiplet, Pi the Legendre 
polynomials of degree i, L = v/l(l + 1), and, to minimize the variation of the coefficients 
with degree l, m / L  rather than m/ l  is chosen as argument in Pi- Although, as said above, 
the full expansion (with N = 2I + 1) would be completely equivalent to equation (8), 
the truncated expressions reduce the dependence of the coefficients on each other and 
on the value of N. Current observational accuracy allows N = 5, see Harvey (1988). 
It has become customary to present and discuss rotational splittings in terms of these 
coefficients al (see following section). 

4. Osc i l l a t ion  f r equenc i e s  a n d  i n t e r n a l  r o t a t i o n  

4.1 Forward problem 

4.1.1 Uniform rotation 

In a rough approximation, the Sun rotates rather uniformly, and the sidereal equatorial 
rotation period is about 25 days. The observed differential rotation of the surface 
can be expressed by empirical laws (depending slightly on the method employed to 
measure the rotation; for an introduction, see the book by Tassoul, 1978). A typical, 
still fairly accurate expression for the surface differential rotation ( (in degrees per day) 
as a function of heliocentric latitude ¢ is (Newton and Nunn, 1951; for more modern 
expressions, see e.g. Christensen-Dalsgaard, 1989) 

¢: = 14.38 - 2.77sin 2 ¢ [deg/day]. (10) 

Neglecting differential rotation for a moment,  we transform Equation (1) into a 
uniformly rotating coordinate system 



with denoting the (constant) angular velocity and A the (ordinary) vector cross 
product. Since C l  is small, perturbation theory can be used to compute the frequency 
correction due to O in terms of the unperturbed (complex) mode Jnl, 

(Here, e,, ee and e4 denote the unit vectors in the r ,  d and $ directions, and <,(r; n,1) 
and Jh(r; n, 1) radial and horizontal amplitude, respectively. The radial and horizontal 
amplitudes as well as the frequencies do not depend on m). 

To be more specific, the unperturbed solution (12) is inserted into the rotational 
analogue to the boundary-value problem of Equation (2) [obtained from Eq. (11) in 
the same way as Eq.(2) follows from Eq. (I)] .  To first order in O one obtains, still in 
the co-rotating system (and with the asterix * denoting complex conjugation, and the 
indices of J henceforth dropped for convenience) 

2,,.AV2m-r0tating) - - i J J* . fl A < p 2 d r  sin dd6' 
J J* . Jpr2dr sin ddd (13) 

For the observer on earth, i.e. in the nonrotating frame (we disregard the earth's 
motion), the frequency of the modes with m # 0 are Doppler-shifted by the amount of 
kmR (0 = IOl, and the sign depends on the convention employed in defining prograde 
and retrograde modes). The result is (note that the $ component of J is proportional 
to m) 

(nonrotating) 
2rAvnlrn = mil (I - Cnl) , 

with Cnl being the part due to Eq. (13). Expression (13) goes back to Cowling and 
Newing (1949) and Ledoux (1951) (the Cnl are sometimes called the Ledoux constants). 
In the case of the Sun, the Cnl are much smaller than 1 (typically by two orders of 
magnitude or more, see, e.g. Brown et al., 1986, Gough, 1981), i.e. the term from 
the transformation back to the inertial frame (called advection term) is much more 
important than the dynamical effect of the Coriolis force on the mode. 

To second order with respect to 0, there are three different types of contributions to 
the frequency shifts. The first is the second-order perturbation term of the Coriolis force 
in Eq.(ll), including second-order effect of the back-transformation to the nonrotating 
frame, the second is the dynamical effect on the modes and their frequencies of the 
centrifugal force in Eq.(ll),  and the third is the frequency change caused by the 
distortion of the solar cavity itself, i.e. by the change of the equilibrium solution due 
to the centrifugal force. All these second-order contributions can be shown to be small 
(typically at least one to two orders of magnitude below the linear advection term, see 
Dziembowski and Goode, 1984; Gough and Taylor, 1984). It turns out, therefore, that 



80 

to a good approximation the advection term is sufficient to discuss the link between 
rotational splittings and the specific form of internal rotation. 

4.1.2 Differential rotation 

The generalization of the first-order term (14) to the case of nonuniform rotation 
was made by Hansen et al. (1977) and Gough (1981). Neglecting the Coriolis term 
(that would be a generalization of Eq. (13), with f~ becoming a function of depth and 
lati tude O), we are left with the advection term, which equally becomes a weighted 
integral of the angular velocity. The total first-order frequency splitting is, in the 
nonrotating observer frame (see e.g. Morrow, 1988a) 

, , (  . . . . .  tating) f ~(~, ~)~.-~/9 r2dr s_i_n ~d~ 
(15) 7r L.~ l ] n  l m ~-- - -  r l ~  . J~* ~prZdrsin OdO 

4.2 Inverse problem and results 

4.2.1 Internal rotation in equatorial plane 

The rotational splitting (15) is symbolically written as (the angular part of the integral 
cancels) 

, A/f( . . . . .  tating) f~(r)Knl(r)r2dr (16) z T r  n l m  --~ - m  

The functions K,~l are called rotational kernels, and they are simple functions of the 
unperturbed (i.e. nonrotating) eigenfunctions, i.e. the horizontal and vertical mode 
amplitudes [see Eq. (12)], which depend only on n and l. The specific form of the 
kernels is obtained by inserting Eq. (12) into Eq. (16). In the approximation chosen, 
all multiplets are strictly equidistant. Differential rotation as a function of depths is 
reflected by the different spacing of the multiplets, because obviously the high-/modes 
can only collect values of f~(r) close to the solar surface, while the lower-I modes pick up 
the internal rotation deeper inside (see discussion of mode propagation, subsection 2.2). 
Therefore, the variation of the spacing of the multiplets considered as a function of l 
(and with a smaller influence also of n) should in principle reflect the course of the 
internal rotation of the Sun. 

Before coming to the results obtained so far, I mention that  a principal problem 
remains, of course, because there is only a finite set of data  to yield the function f~. 
Strictly speaking, such a problem is impossible to solve. Nevertheless, there are more 
or less intuitive procedures to invert the data. Numerical simulations with artificial 
data, i.e. with arbitrary given profiles of internal rotation, have been used to verify the 
feasibility of the procedure. In a typical procedure one assumes a piecewise constant 
angular velocity, i.e. f~(r) = f~i in the interval [rl,ri+l]. Such a step function for 
reduces the integral equation (17) to a purely algebraic one. If the coarseness of the 
steps is suitably chosen for a real set of observed rotational splittings, one can arrange 
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that  a unique solution results, but one can always resort to even coarser step function 
and deal with the resulting over-determined problem using a least-square method. 
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Figure  6. Estimated step function of the solar angular velocity in the equatorial plane, using 
the Duvall and Harvey (1984) data. The errors are computed from the estimated errors in the 
data; their magnitude also depends on the choice of the steps in 12 (from Duvall et al., 1984). 

The already 'classical' result obtained by Duvall et al. (1984) is shown in Figure 6. 
It reveals an angular velocity that  is practically constant and equal to the surface 
equatorial value, except (perhaps) in the core region (r < 0.3R). There might be 
some evidence for a rapidly rotating core. Note, however, the large error bars there. 
They are essentially due to inadequate observational data, and not to limitations of 
the inversion methods. This is easily seen by considering that  for a given mode with 
degree l the total width of the rotational multiplet is Ar'ma ~ = 21ul,~ot, [where 27rul,~ot 
is some average of 12(r)l. Since u,,,.o, is on the order of 0.46]zHz (surface value), and 
since the observational precision of individual oscillation frequencies is also of the same 
order (see section 3) it is clear that  low-order splittings, and thus the rotational velocity 
deep down, can only be very poorly determined (see e.g. Figure 5). For higher l, i.e. in 
the more shallow zones of the Sun, the observational situation becomes much better, 
since A u , ~  becomes much larger than the observational resolution. Compared to these 
observational difficulties, those stemming from the inversion method are unimportant .  
This is illustrated in Figure 7, which shows a typical result from a systematic study 
of numerical experiments (Christensen-Dalsgaard and Gough, 1984), in which artificial 
data  (i .e.  frequency multiplets) were generated for a whole series of arbitrary rotation 
profiles. Despite the theoretical limitations of such inversion (see above), there are no 
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Figure  7. Typical success of numerical experiments performed to test the reliability of the 
inversion procedure of Figure 6. An arbitrary profile of internal rotation is given (solid line) 
and the oscillation frequencies and splittings of the modes analogous to ones used in the result 
of Figure 6 were computed. The crosses show the result of the l"nversion. The horizontal and 
vertical bars denote the estimated uncertainty of the inversion, obtained from a comparison of 
different methods (from Christensen-Dalsgaard and Gough, 1984). 

problems with finding the assumed rotat ion law using the theoretically computed mode 
frequencies. 

4.2.2 Lati tudinal  variation of internal rotat ion 

As seen from Eq.(15), the nonequidistant parts of the frequency multiplets tell about the 
lati tudinal variation of the internal rotation. Conveniently, the multiplets are developed 
in terms of Legendre polynomials (Eq. 9), and the resulting coefficients al become the 
relevant data. The determinat ion of the coefficients al,a3,as is still rapidly improving, 
and systematic differences in the results from different groups occur (see Harvey, 1988). 
No definitive picture for the lati tudinal variation has come up yet. Nevertheless, I 
show in Figure 8 one of the current interpretat ions by Morrow (1988a,b), which is 
consistent with the observations of Brown and Morrow (1987) (Figure 9). Other  groups 
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recently also have reported results and interpretations, differing from each other quite 
substantially, because of the not yet sufficient accuracy of the data (e.g. Korzennik et 
al., 1988; Rhodes et al., 1988; Tomczyk et al., 1988; Christensen-Dalsgaard and Schou, 
1088). 
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F i g u r e  8.  M o r r o w ' s  (1988a ,b)  S R F  mode l  (surface- l ike t h r o u g h  t h e  convec t ion  zone)  for 
i n t e r n a l  r o t a t i o n .  T h e  mode l  is cons i s t en t  w i t h  t h e  d a t a  of F i g u r e  9 ( f rom Mor row,  1 9 8 8 a ) .  

It is interesting to note that helioseismology has also discovered significant nonzero 
values for a2 and a4. Their values are much larger than the higher order terms of rotation 
and indicate the presence of asphericities not due to rotation [see, e.g., and Kuhn (1988) 
and Libbrecht (1988), who in addition found a solar-cycle dependent variation of these 
even coefficients]. 

5. C o n c l u s i o n  

At the present speed of development it is only a matter of a few more years until 
our helioseismological picture of the solar internal rotation will become much clearer. 
Substantial experimental and theoretical effort is being made to overcome limitations in 
the form of day-night gaps, other symmetry-breaking effects on the Sun than.rotation, 
and asphericity of the solar structure. The planned networks on earth (Birmingham 
group, SLOT, IRIS for low-angular resolution, GONG for full-disk imaging) will fill the 
observational gaps. The planned space instruments on board of SOHO (MDI, GOLF, 
VIRGO) will not only provide continuous coverage, but also avoid terrestrial noise. 
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L O S S  O F  M A S S  A N D  A N G U L A R  M O M E N T U M :  
T H E  O B S E R V A T I O N A L  P O I N T  O F  V I E W  

C l a u d e  C a t a l a  
Observatoire de Paris, Section de Meudon 

France 

S u m m a r y  o f  t h e  r ev i ew:  The problem of mass loss and that  of angular momen tum 
loss from stars are closely coupled: when a star loses mass and rotates,  it also loses 
angular momentum.  It is therefore possible to derive information about  angular 
momentum loss from studying mass loss phenomena (mass loss from T Tauri  stars 
provides us with some insight into the past history of angular momentum of the Sun, 
for instance), and conversely, statistical studies of angular momentum loss can lead us to 
infer the existence of weak mass loss that  would not be directly detectable (for instance, 
we know that  solar-type stars lose mass because we have evidence that  they lose angular 
momentum during their lives). 

This review mainly focused on the observational point of view. A major  part  was 
devoted to describing the methods of mass loss detection and measurement:  

P C y g n i  p rof i l es :  they constitute a direct evidence for outflow, and provide a 
convenient estimate of the maximum velocity reached in the region of formation of the 
lines considered. They can also yield estimates of mass loss rate, density law, velocity 
law, tempera ture  law in the wind, through detailed modelling. A great emphasis was 
put  on the problem of formation of P Cygni profiles, and on their diagnostic power. 
The problems linked to line profile interpretat ions were also discussed, as well as the 
uncertainties on the determinat ion of the wind structure.  

L ine  a s y m m e t r i e s :  observed in chromospheric lines of red supergiants, they are 
interpreted as evidence for chromospheric outflows. 

I n f r a r e d  a n d  r a d i o  c o n t i n u u m :  they probe regions located fur ther  out in the 
stellar winds. Therefore,  the determinations of mass loss rates from infrared or radio 
cont inuum observations do not have to rely on a precise modelling of the wind s t ructure  
near the stellar surface. 

I n d i r e c t  e v i d e n c e  for  mass  loss: observations of rotat ion rates for cool stars of 
different ages provide us with an estimate of their rate of angular momentum loss, from 
which we can infer the presence of weak mass loss. 

The rest of the review was devoted to a short survey of the mass loss phenomena 
across the HR diagram, from which it is apparent  that  all types of stars seem to lose 
mass at various rates. Examples: 
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High rates of mass loss (10-6-10 -5 M®yr -1) and high wind velocities (~ 3000 kms -1) 
for WR stars and blue supergiants. These determinations are based on observations of 
P Cygni profiles and of radio continua. 

High rates of mass loss ( ~ 10 -6 M®yr -1) and low wind velocities ( ~ 10-50 kms -1) 
for red giants and supergiants, inferred from observations of P Cygni profiles and line 
asymmetries. 

Intermediate rates of mass loss ( ~ 10-7-10 -8 Moyr  -1) and intermediate wind 
velocities ( ~ 100-500 kms -~) for pre-main sequence stars (T Tauri and Herbig Ae/Be 
stars), determined by detMled modelling of P Cygni profiles and observations of radio 
continuum in a few cases. 

For a review on the subject, see : 
Cassinelli, J. P., MacGregor, K. B., 1986, Physics of the Sun , P. A. Sturrock, T. E. 

Holzer, D. M. MihMas, R. K. Ulrich, vol III, p. 47. 



P R E - M A I N  S E Q U E N C E  E V O L U T I O N A R Y  T R A C K S  
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I.  M a z z i t e l l i  

I s t i tu to  di Astrofisica Spaziale 

C.P. 67 - 00044 Frascat i  - I ta ly  

Abstract. A review about the main physical uncertainties still 

weighing upon the computation of Pre Main Sequence (PMS) 

evolutionary tracks is given, in order to evaluate (at least 

qualitatively) their possible influences upon the surface 

stellar parameters. It is shown that we are not yet able to 

reliably compare observations with theoretical luminosities and 

colours, and also the correlation between initial stellar 

parameters (mass and chemical composition) and expected lithium 

depletion in PMS is not very sound. In particular, even if 

updated evolutionary models seem to show that Li-depletion in 

the Sun during PMS can be marginally consistent with the 

observations, several problems still remain unsolved. 

In this framework, the observed spread of Li-abundances among 

Main Sequence (MS) stars belonging to a given young cluster, is 

attributed to the influence of rotation and magnetic fields (and 

perhaps accretion), which largely affect Li-depletion. The 

spread observed among different young clusters is instead likely 

to be due to intrinsic differences, mainly in the chemical 

compositions. 

i. Introduction 

The theoretical explanation of the observed abundances of 

lithium in PMS and young MS stars is, in spite of the appearent 

simplicity of the mechanisms involved, one of the most puzzling 

problems in stellar evolution. PMS stars should be in fact 

relatively well understood, at least in prlnciple, thanks to 

their homogeneous chemical compositions, and to the lack of 

sharp physical profiles, after large-scale accretion and mass 

loss phases are over, and deuterium burning has lead the star to 

fully convective, hydrostatic conditions (Stahler 1988). 
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Theoretical expectances in the above framework are for a well 

defined relation between mass (or Tef f) of the star in MS and 

surface abundance of lithium, if we ignore (as in the following 

of this paper) possible mixing up to the surface, over long 

timescales, of Li-depleted matter coming from below the bottom 

of the convective envelope. This point has to be clarified since 

the beginning of the discussion. In fact, the possibility that 

mixing mechanisms acting during MS below the surface convective 

region can change, in billion years, the surface chemistry of 

solar type stars, is-to be taken seriously (Schatzman 1977). 

This is the reason why we limit our attention to very young MS 

stars, or PMS stars only. 

Instead of the clean framework depicted by theory, 

observations show a much more chaotic behaviour, where not only 

different clusters show different relations between lithium and 

Tef f, but also stars belonging to the same cluster show a wide 

dispertion of values of surface Li-abundances for the same value 

of Tef f (see for instance Balachadran et AI. 1988, Stauffer et 

AI. 1989, Strom et A1 1989). 

Actually, as we will see in brief, several physical 

mechanisms not yet well understood, having little or no effect 

upon the structure of MS stars, are instead much more relevant 

in PMS phases, particularly when the star is still close to the 

Hayashi track (Mazzitelli 1989), so that the supposed simplicity 

of PMS stars is more a trivia than a reality. Not all these 

sources of uncertainty have the same effect upon the Li- 

destruction; some of them happen to affect only other surface 

parameters of stars, but also in these cases they have some 

relevance for the Li-problem, since they influence at least the 

relations between Li-depletion in PMS and observational 

signatures. 

The main pourpose of the following discussion will be that of 

recalling the main points in which our present understanding of 

the theory of stellar evolution is insufficient to give 

realistic estimates about the structures of PMS stars. The 

effects of each of the more evident uncertainties in 

determining the surface parameters (Luminosity and Tel f versus 

mass and age) and the central ones (temperature and 

convection) will be considered separately, to avoid 

In fact, it is worth stressing since the beginning 

physical uncertainties having nearly the same effect 

position of a PMS star in the HR diagram, do 

necessarily 

depth of 

confusion. 

that two 

upon the 

not have 

the same effect also upon Li-destruction in the 
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interior. Some effects, like for instance the uncertainties in 

the overadiabatic convection theory, have influence mainly in 

determining the surface temperature of the star, whyle their 

effect upon the central temperature, or on the deepening of 

convection down to the center of the star, is negligible. Other 

effects, like the uncertainties in the radiative opacity at 

intermediate temperatures, affect both the surface and the 

central regions. 

2. General concepts 

PMS stars are, for a fraction of their lifes, fully 

convective from the center to the base of the optical 

atmosphere. At a given point of their evolution, stars having 

masses larger than about 0.40 M o (at least for a Pop I chemical 

composition, D'Antona and Mazzitelli 1982) begin to develope a 

radiative core, and move away from the Hayashi track. The larger 

is the star's mass, the lower is the central temperature when 

the radiative core appears (D'Antona and Mazzitelli 1984, 

thereafter DM), and the earlier is the decoupling between 

central and surface chemical composition. The computations show 

in fact that complete depletion of a given element at the 

surface, is possible only if the element is burning at the very 

center of a fully convective star. Burning at the base of a 

convective envelope, even a very deep one, gives rise to small 

or negligible depletion at the surface since: 

-the density (and the reaction rates) fastly decline by orders 

of magnitude when moving from the center towards the surface, 

and: 

-as soon as convections begins receding from the center, the 

temperature at the base of convection decreases in a timescale 

shorter than the one for nuclear burning. 

Mainly for these reasons, the larger is the star's mass, the 

less the star is able to deplete fragile elements at the 

surface. Also the fact that "convective undershooting" (DM, 

VandenBerg et A1. 1989) is able to provide larger depletions at 

the surface for a given star's mass, is to be seen in this same 

framework, that is: undershooting works in the direction of 

maintaining chemically mixed the core with the surface for a 

longer time, but as soon as undershooting moves away from the 

center, it has no relevance any more. 

Given that, it is clear that any physical mechanism affecting 
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convection could, in principle, influence also the relation 

between star's mass and depletion of fragile elements at the 

surface in PMS. Actually, as already recalled, some mechanisms 

affect only the surface parameters of the star; others play a 

role both for what concerns surface and central convection, so 

that they influence also the nuclear depletion at the surface, 

while a last class of mechanisms has some effects on the mixing 

of the core only, leaving unchanged both luminosity and Tel f, 

but leading to larger or lower depletions of fragile elements at 

the surface. In the following, I will try to quantitatively 

discuss overadiabatic convection, thermodynamics, radiative 

opacity and convective undershooting, and will also try to raise 

at least qualitative conclusions for what concerns rotation, and 

magnetic fields. 

3. The overadiabatic convection 

Convection in stars cannot be strictly adiabatic, since 

otherways it could not transfer energy. On the other hand, as 

soon as the local density of matter begins to be larger than 

about 10 -2 gcm -3, it is easy to show that the difference 

between the actual convective gradient and the adiabatic 

gradient (just the "overadiabaticity") required to carry away 

all the energy flux, is so small that it can be conveniently 

neglected in the computations. Unfortunately, PMS stars are not 

only dominated by convection, but they are also expanded, low 

density configurations. A reliable theory of overadiabaticity 

would then be required for making sound predictions about the 

behaviour of PMS stars, but the present status of the theory is 

not encouraging at all. 

The commonly adopted schematization for the overadiabatic 

convection theory in all the stellar evolution simulations is, 

in fact, only a minor updating (Cox and Giuli 1968) of the 

former "Mixing Length" (ML) theory by Bohm-Vitense (1958), which 

is in turn only a parametric theory. The basic underlying 

physics in the ML theory is that convection in stars is 

expected to be largely turbulent, since any value for the 

Reynolds number one can derive for any stellar condition (and 

also allowing for the fact that a star has no definite walls, so 

that the characteristic volume is of the order of magnitude of 

the star's volume itself) is several orders of magnitude larger 

than the value expected to give rise to turbulence in a three- 



93 

dimensional fluid. The ML theory assumes that all the energy is 

transferred by the "bubbles" having energies corresponding to 

the maximum of the spectral distribution (a delta function, see 

Canuto 1990), completely ignoring any contribution both from the 

growth and the Heisenberg-Kolmogoroff regions. 

Since it is not to be expected a priori that souch a rough 

treatment could give rise automatically to a reliable match with 

the observations, a free parameter is then introduced, to be 

fixed in such a way that the observed surface properties of the 

Sun (which is presently the only star for which we have enough 

physical and chemical informations) are fitted by theory. This 

parameter is just the ML, defined as the size of the average 

convective bubbles, usually expressed in fractions of the 

Pressure Scale Heigth (Hp) 

In principle, the theory could work, and all the successes of 

the present stellar evolution simulations are indeed grounded 

upon such a not very firm basement, even if at least two main 

objection can be raised against the ML theory, that is: 

-there is no reason at all why a tuning performed upon the 

physical conditions prevailing in the Sun should hold also in 

other, completely different stellar conditions (from the red 

supergiants to the brown dwarfs), and: 

-in any case, the values of ML required to fit the Sun are so 

large (ratios ML/Hp about 1.5 - 2) that it is hard to believe 

that the bubbles can maintain spherical shapes (which is the 

hypotesis when computing the radiative losses from the bubbles 

themselves), no to say that such large bubbles are not 

consistent with the hypotesis of strong turbulence. 

If we try to rise some informations from observations of 

other stars, we have no firm conclusions, but the best we can 

say is that, if the value of ML required to fit the Sun gives a 

reasonable fit for all the MS band, the shape of the red giant 

branches both for open and globular clusters cannot be presently 

matched, if we do not allow for a systematic decrease of the 

value of the ratio ML/Hp when moving towards the red of the HR 

diagram (Chieffi and Straniero 1989), at least if we believe the 

correlations among colours, Tef f and bolometric corrections. 

Coming back to PMS, and waiting for a better theory of 

overadiabatic convection, what we can presently do is to check 

if and how much a variation in the value of the ratio ML/Hp 

along the PMS evolution can modify both the surface and the 

central parameters of the stars. According to the above quoted 

observations, the tests have to be performed by using a lower 
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value of ML/Hp along the Hayashi track than in MS. 

A detailed discussion of the effects of changing ML/Hp in PMS 

can be found in Mazzitelli (1989) for what concerns the surface 

conditions, and in DM as far as Li-burning is concerned. The 

main conclusions can be summarized as follows: 

-the surface conditions are dramatically affected by even a 

very small decrease in ML (from 1.6 to 1.5 Hp), so that all the 

comparisons between observations of PMS stars and evolutionary 

tracks cannot ignore this uncertainty. Roughly speaking, a PMS 

star for which the observed magnitudes and colours would 

correspond to a mass of 0.8 M o when compared to constant-ML 

theoretical tracks, can easily match the tracks relative to 0.9- 

1.0 M e , if we allow for a slight variation of ML along the 

evolution; 

-the effect of a changing in the value of the ratio ML/Hp 

upon the Li-depletion at the surface, is instead very small. 

Overadiabatic convection has a large influence only upon the 

very external layers of the star, and the temporal behaviour of 

the central temperature and the deepening of convection are not 

affected. 

4. Thermodynamics 

In cool stars, the gas does never behave as an ideal gas, not 

even in low-density structures as PMS stars. Due to the 

relatively low kinetic energies of the particles, in fact, the 

configurational effects (mainly those due to surrounding ions) 

can play a not negligible role in ionization. In the cases of 

expanded envelopes (PMS and Red Giants), hydrogen ionization is 

not particularly affected, but helium ionization, which takes 

place in inner regions and in an environment dominated by 

already ionized hydrogen, is somewhat more sensitive to the 

real-gas effects. 

The presence of ionized hydrogen tends in fact to slightly 

increase the degree of ionization of helium with respect to what 

one should expect according to the Saha formula (Fontaine et AI. 

1977, Magni and Mazzitelli 1979). The ionization region of 

helium in the density-temperature plane is then wider than for 

an ideal gas, and this has an effect also upon the values of the 

adiabatic temperature gradient in that region, since ionization 

causes a decrease in the adiabatic exponent ~ (and in the 

adiabatic gradient) which is more marked, the sharper is 
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ionization itself. If ionization becomes less sudden, also the 

decrease in the values of the adiabatic gradient is less peaked. 

In practice, for an ideal gas, one obtains in the ionization 

regions values of the adiabatic temperature gradient as low as 

0.07-0.08, whereas for a real gas it is very hard to reach 

values below 0.10-0.12. 

Also this effect upon PMS evolutionary tracks has been 

discussed by Mazzitelli (1989). A larger adiabatic gradient 

causes also a larger drop between the central and surface 

temperature of a PMS star, so that the tracks computed with 

real-gas equations of state are systematically cooler than those 

computed according to the Saha ionization equilibria. We still 

do not have sufficiently good thermodynamic treatments as to 

precisely quantify this effect, but we expect it to be of the 

same order of magnitude as the above discussed effect of the ML, 

so that it cannot be ignored in the observational vs. 

theoretical comparisons. 

As for Li-burning, uncertainties in thermodynamics should not 

give rise to large differences. In fact, also if He-ionization 

takes place in a much deeper region than the one interested by 

overadiabaticity, nevertheless the ionization temperature of 

helium (105 K) is so lower than the Li-burning temperature that 

the effect of a non-ldeal gas treatment upon Li-depletion should 

in any case be of minor interest, even if no detailed 

theoretical comparisons have yet been performed. 

5. The radiative opacity 

In a zero-order approach, the influence of radiative opacity 

upon a fully convective structure should be almost negligible. 

As a matter of fact, opacity turns out to be the most relevant 

parameter in determining both the surface and the central 

conditions of PMS stars. In fact, radiative opacity has the two 

main effects of: 

-determining the value of the overadiabatic gradient in the 

convective external layers, through the value of the radiative 

gradient, and: 

-determining the temperature at which the center of the star 

becomes radiative. 

Of course, in the first case, what really matters is the low- 

temperature opacity, dominated by molecules, hydrogen and helium 

ionizations, and by the first ionizations of metals. In the 
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second case, since the temperature is of the order of 106 K or 

larger, the main sources of opacity come from free electrons, 

and from the ionization of the inner shells of metals. It is 

worth recalling the present status of the art about the 

computations of radiative opacities. 

Apart from very old semi-analytical formulations, the first 

opacity tables of wide use in stellar modeling were the ones by 

Cox and Stewart (1970), supplemented by the ones by Cox and 

Tabor (1976) for other chemical compositions. Those tables were 

supposed to cover the whole range of physical conditions of 

evolutionary interest, but did not account for most molecules at 

low-temperature, and for inner ionizations of metals at large 

temperatures, so that they were probably underestimated. 

Later on, Huebner et A1. (1977) provided the so called "Los 

Alamos Opacities", accounting for the inner ionizations of most 

metals. These opacities were provided separately for each 

chemical element and, in order to get the final Rosseland mean 

opacity for a given chemical composition, one had to merge all 

the tables. Of course, this procedure does not allow for 

evaluating the influence of each single element upon the opacity 

of another element due, for instance to the formation of 

molecules or to the capture of a free electron. To avoid misuse 

of these opacities, then, the tables were provided only for 

temperatures larger than 104 K, where molecules should be of no 

interest. Consistently with the expectances, the new opacity 

values were found to be larger than the previous ones, but their 

use was limited by the fact that, in order to compute full 

stellar models, one had to supplement them with the old low- 

temperature opacities below 104 K. 

A first, serious attempt to include in the low-temperature 

opacities also molecules, was performed by Alexander (1975). 

Unfortunately, it turned out that the molecular opacities, 

particularly those for the water vapour, were largely 

overestimated, due to intrinsic difficulties in treating a very 

complex physical framework, so that those opacities were soon 

abandoned. 

Later on, Alexander et AI. (1983) revised the opacities 

downward and, very recently, Alexander (1989) has also solved 

the problem of H20 opacity. He is now computing low temperature 

opacities including molecules, but no tuning of these opacities 

upon evolutionary models still exists. 

In practice, the present situation is that we can make use of 

probably reliable opacities for the internal layers of the 
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stars, but the opacities for the surface layers are still in 

run. Let us try to understand what this can mean for PMS stars. 

An underestimate of the low temperature opacities will give 

rise to lower than real overadiabatic temperature gradients, and 

lower then real differences in temperature between center and 

surface of the star. In other words, new low temperature 

opacities including molecules will tend to give rise to PMS 

evolutionary tracks having Tel f lower than the present ones (see 

Mazzitelli 1989). Again, this has to be considered when 

comparing observations and theoretical tracks. 

As for the high temperature opacities, since they are larger 

than the previous ones, it is to be expected that in a star of 

given mass, surface convection will stick to the center for 

somewhat longer, and up to a larger central temperature than 

previously estimated. For a given mass, then, the new opacities 

will give rise to larger surface depletions of light elements 

than the former ones. This is just what is found when comparing 

the evolutionary tracks by DM and those by VandenBerg (1989) for 

the 1.0 M o star. 

The above tracks, in fact, differ mainly in the high 

temperature opacities. In the updated computations by 

VandenBerg, a significant Li-depletion at the surface of 1 M e 

star is found with an extra-mixing of only 0.25 Hp, whereas in 

DM an extra-mixing three times larger was required to fit the 

Sun. We can then say that, by now, the observed Li-depletion in 

the Sun is not far from being explained by plain PMS depletion, 

and that a new updating of the high temperature opacities, which 

will probably result in a further increase in their values 

because of the inclusion of further atomic transitions, will 

probably explain the observed Li-abundance in the Sun without 

further hypoteses, like for instance extra-mixing. Most 

unfortunately, when we will discuss magnetic field, we will see 

that this is not yet the real solution of the problem. 

That the high temperature opacities were by far the dominant 

mechanism in determining the Li-depletion at the surface, was 

already clear in the results by DM. In fact, it was there shown 

that, while no significant Li-depletion was expected without 

extra-mixing for a 1 M o star, an increase of 50% in the 

opacities (mimicked by an increase in metal abundance from 

Z=0.02 to Z=0.03) was sufficient to give rise to substantial Li- 

depletion even for an 1.2 M o star. 

It can be useful to summarize at this point the range of 

results one can expect for a theoretical evolutionary track upon 
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the H-R diagram, if we allow overadiabaticity, thermodynamics 

and low-T radiative opacities to vary within relatively strict, 

perfectly acceptable boundaries, in view of the basic 

theoretical uncertainties. 

Figure 1 shows three evolutionary tracks in PMS. The 

continuous lines are relative to the evolutions of Pop I stars 

of, respectively, 0.7 and 1.0 M e , in the classical evolutionary 

framework, that is: 

-constant ratio ML/Hp = 1.6; 

-Saha equilibria in the thermodynamics, and 

-Cox and Stewart (1970) radiative low-T opacities. 

The dashed line is instead relative to a 1 M e star of the 

same chemistry, but computed according to the following recipes: 

-variable ratio ML/Hp, tuned in such a way that it linearly 

changes with Log Tel f. It reaches a maximum value of 1.6 at Log 

Teff=3.70, and decreases to 1.5 at Log Tell=3.60. 

-"intermediate equation of state", in the sense that the 

values of the adiabatic gradients are weighted averages between 

the ones evaluated according to the Saha ionization equilibria, 

and the ones coming from the equation of state by Magni and 

Mazzltelli (1979). The relative weights are 2 for the Saha 

thermodynamics, and 1 for the Magni and Mazzitelli equation of 

state. 

-increased values for the low-T opacities. Opacities linearly 

increase when decreasing T, in such a way that they do not 

change at all at T = 104 K, and they are 30% larger than those 

by Cox and Stewart at T = 3000 K. 

This last track is defined the "best guess" (b.g.) track, 

since it has been tuned according to the only reliable 

determination of mass for a PMS star. In fact, we have for the T 

Tauri star and X-ray source 162814-2427 in the Rho Ophiuchi dark 

cloud, a dynamical lower limit for the mass of the primary (the 

star is a two spectra spectroscopic binary) of about 1.0 M e 

(Mathieu et AI. 1989), whereas the theoretical PMS tracks would 

give about 0.7 M e . The b.g. track shows that consistency between 

theory and observations is well within the theoretical error 

box. 

As for Li-depletion at the surface, it turns out that the 

b.g. track exibiths exactly the same depletion (negligible) as 

the I M e track computed according to the standard input physics. 

This is consistent with the expectances, since no variation in 

the intermediate and high-T opacities had been introduced in the 

computations. The author recalls the attention of the readers 
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Figure I: the PMS evolutionary tracks for Pop I stars of 1.0 and 

0.7 M e , with standard input physics (solid lines), and a "best 

guess" (b.g.) track for 1 M e , always with "reasonably standard" 

input physics (dashed line), which gives the order of magnitude 

of the present theoretical error box in the H-R diagram. 
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upon Figure I: comparisons between theoretical tracks and 

observational colours and luminosities cannot ignore the 

possible existence of very large theoretical uncertainties. 

6. The extra-mixing 

Let us define "extra-mixing" all the mechanisms which can be 

responsible for chemical mixing of matter, other than 

convection. Possible mechanisms are for instance convective 

over/undershooting, semiconvection, meridional circulation and 

so on. For the radiative regions of PMS stars we can exclude 

semiconvection and meridional circulation, since semiconvection 

requires the existence of chemical composition gradients, and 

meridional circulation is expected to work on timescales much 

longer than the PMS evolutionary times. We are then left with 

over/undershooting and, as long as we are interested in bringing 

to the surface matter nuclearly processed in layers beneath the 

bottom of convection, with undershooting only. 

It is only fair to admit that, at present, we have no idea at 

all about the physical mechanisms which can be responsible for 

undershooting. Actually, in a star, convection is not simmetric 

and, in a first approximation, one could think that overshooting 

is much more likely to occurr than undershooting. In fact, 

convective bubbles coming from inside, when reaching the top of 

the formally convective layers, tend to break down into a region 

of lower density and pressure, whereas bubbles sinking down to 

the bottom of the convective region meet the opposite 

conditions, and should make their way in denser and denser 

layers. 

Of course, the real situation is not necessarily so simple 

and neat; one cannot, for instance, forget that a non-linear, 

anelastic treatment can give rise to not negligible downward 

penetrative convection (Massaguer et AI, 1984), distinct from 

plain "undershooting", at least within a simplified physical 

scenario. However, when recalling the fact that, at present, 

there is still considerable dispute about the very existence of 

overshooting itself, it is clear that in the best of the cases 

we can treat undershooting just as a useful work hypotesis ad 

hoc tuned, to gain informations about how much our theoretical 

predictions agree with the observations, and how slowly or 

fastly our theoretical framework is changing. 
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Luckily enough, undershooting in PMS is not expected to 

influence the physical structure of the star, so that its only 

effect is to keep the surface chemistry sticking to the central 

one, and we are allowed to numerically experimenting with the 

models, without having to deal with secondary, tricking 

consequences upon luminosity or Tef f. 
As already quoted, the recent computations by VandenBerg 

(1989) show that, in order to get relatively large Li-depletions 

in the Sun during PMS, only 0.25 Hp of undershooting are 

required, whereas in the former computations by DM, the required 

amount of undershooting was about 0.7 Hp. These results are 

conforting, since it appears that theory is approaching 

observations without ad hoc hypoteses. Actually, in the author's 

opinion, one will be allowed to claim that PMS Li-depletion 

explains the present Li-abundance in the Sun, only if and when 

theoretical models requiring no undershooting at all will 

predict substantial PMS Li-depletion for stars somewhat larger 

than the Sun, also in view of the following discussion about 

magnetic fields. 

7. The rotation 

With rotation, we are fastly approaching (and somewhat... 

overshooting...) the boundaries of the present generation 

stellar modeling, at least if we want our evolutionary results 

to be of general validity, and not restricted to peculiar 

objects. After all, a fraction of the contributions to the 

present volume indicate the extreme physical complexity of the 

whole framework. 

In principle, rotation could be discussed together with 

magnetic fields, since the interplay between these two 

mechanisms is perhaps more significant than either of the two, 

in the resulting chemical mixing. Since however we d_oo have some 

evolutionary result about rotation, whereas the results about 

magnetic fields are more structural than evolutionary, let me 

treat in this section rotation only. 

In the stellar modeling, the inclusion of rotation is not 

mainly a matter of numerical problems or time-consuming 

computations; in fact, on the one side we have by now access to 

sufficiently large computing facilities, and on the other side 

the schematization by Kippenhahn and Thomas (1970), which does 

not require truly bi-dimensional computations, is more than 

adequate for the most of the cases of evolutionary interest. The 
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real problem is that we do not yet know how to deal with the 

spatial and temporal evolutions of rotational angular momenta in 

stars. 

In fact, during the evolution, viscosity, convection, 

compression and expansion, magnetic fields and so on are 

responsible for internal readjustments of the rotation rates, 

whereas the temporal evolution of the total angular momentum of 

the star is a complex function of mass loss and magnetic fields. 

At present, we can only try to get semiquantitative results, by 

making ad hoc (and "reasonable") hypoteses about all these 

mechanisms. 

From the point of view of the surface parameters of PMS 

stars, rotation tends to decrease the surface gravity, so that 

the star mimicks the surface conditions of a smaller mass star, 

i.e.: shows a lower value of Tel f. This is precisely what is 

found in the models by Pinsonneault et AI. (1989); a 1 M o PMS 

evolutionary track computed by including in the code rotation, 

is roughly similar to the PMS track one would expect for a 0.95 

M e star without rotation. 

The effect of rotation upon Li-depletion is instead still 

completely unknown. In principle, rotation should help 

developing instabilities leading to mixing of some kinds, 

favouring larger Li-depletions at the surface, but this is only 

a qualitative point of view. Much, much work still remains in 

this framework before reaching firm conclusions. 

8. The magnetic fields 

As for the magnetic fields, when they are included in the 

treatment of overadiabatic convection (Moss 1968), they give 

rise to larger values of the overadiabatic temperature gradients 

in the external layers, leading again to cooler surface 

temperatures. At present, this is the only semi-quantitative 

argument which can be included in fully evolutionary 

computations. 

When discussing the expected effects of magnetic fields upon 

the central conditions, at least for their influence upon the 

surface Li-depletion, we are probably touching the very heart of 

the problem. Qualitatively, we can say that, the stabilizing 

effect of the magnetic fields upon any matter movement should 

inhibit not only any kind of extra-mixing, but even cause an 

earlier detachment of convection from the center. Magnetic 
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fields are then expected to act as a powerful mechanism 

preventing Li-depletion at the surface. 

We do not have at present any reliable computation for PMS 

conditions; perhaps, some arguments can be found in computations 

relative to the Sun, for which some preliminary results already 

exist. In this framework, according to Spruit (1990), the effect 

of even a very small magnetic field upon solar turbulence should 

be so severe, to completely inhibit mixing below the surface 

convective region. If the same conclusions have to be applied 

also to PMS stars, in which the presence of large convective 

regions could be expected to give rise to powerful dinamo 

mechanisms, we have to face with the fact that magnetic fields, 

which we presently cannot treat in fully evolutionary 

frameworks, are by far the dominant mechanism in determining the 

degree of Li-depletion at the surface in PMS (but probably also 

in MS) phases. Given that, the immediately following conclusion 

is that the stellar masses which, for a given chemical 

composition, show surface Li-depletion in PMS, are only upper 

limits, and that the real values of limiting mass for PMS Li- 

depletion in PMS, in the presence of magnetic fields, can be 

even of several tenths of M o lower. 

9. Conclusions 

When summing up all the above conclusions, several 

uncertainties, but also some relatively firm statements, appear 

to arise. The first statement is for instance relative to the 

Sun or, better, to stars of approximately the same mass of the 

Sun. It is clear that stars about 1 M o are at the boundary of 

the Li-depletion/non-depletion in PMS. It is just among solar 

type stars that one can expect to observe the most of the spread 

in surface Li-abundances, since slightly different chemical 

compositions, or rotational and magnetic histories, make orders- 

of-magnitude differences in PMS Li-depletion. 

Another statement is that, not only our present theoretical 

computations of PMS stars surface conditions are relatively 

uncertain, but also that surface conditions themselves (mainly 

the relation between stellar mass and Tef f ) are a strong 

function of the chemical parameters, through the surface 

radiative opacities. Any comparison between theory and 

observations must allow for the different chemistries of the 

different clusters, and the comparison of all the observed 
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clusters to evolutionary tracks of a unique chemical composition 

is likely to provide artificial and unnecessary spreads among 

the results. 

In practice, while stars belonging to the same cluster, and 

having then the same initial chemical composition, have their 

Li-depletion at the surface determined by intrinsic differences 

in their rotational, magnetic and, probably, accretion 

histories, so that it is legitimate to expect some spread in the 

Li vs. mass relation for a given cluster, care has to be taken 

in comparisons among different clusters. It is in fact likely 

that at least some of the spread observed in the Li vs. mass 

relations among different clusters be due to an incorret 

evaluation of mass, due in turn to the use of evolutionary 

tracks not suitable for the chemical composition of the cluster. 
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E d g a r  K n o b l o e h  
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Both the solar neutrino flux and the abundances of the light elements, particularly 
Lithium, are very sensitive to mixing in the interior of the Sun. Such mixing processes 
may be intermit tent  and catastrophic as in the 3He-driven instability suggested by Dilke 
and Gough (1972), or they may be continuous but gentle, a result of the small ampli tude 
waves that  are expected to be supported by the radiative interior. Evry Schatzman, in 
particular,  has explored in detail the consequences of such weak but  continual mixing, 
finding that  a wide variety of observational facts falls into place if mixing characterized 
by a turbulent  Reynolds number Re of order 100 is assumed to be present, as reviewed 
elsewhere in this volume. The origin of  this mixing is left unspecified, however. It 
was this problem that  largely motivated my work with Henk Spruit on instabilities 
in the radiative core. Indeed there are a number  of possible mechanisms which could 
lead to mixing. These include the baroclinic instability, a dynamical instability largely 
confined to equipotential surfaces (Spruit and Knobloch, 1984). A variety of doubly- 
and triply-diffusive instabilities may also occur, but  these are again largely confined to 
equipotential surfaces (Knobloch and Spruit,  1983), as are the shear instabilities (e.g. 
Zahn, 1987). In addition to these mostly wavelike instabilities, the solar interior can 
also support  a variety of neutrally stable waves. These include the g-modes, perhaps 
excited by the 3He- instability in the core (Merryfield et al, 1989) , or by the convective 
overshoot (Press, 1981; Hurlburt  et al, 1986), the well-documented p-modes, as well as 
a variety of wavelike modes associated with any magnetic fields that  may be present. 

It is clear that  the problem of explaining the "observed" levels of mixing divides 
into two parts. The  first requires an understanding of the wave generation mechanism, 
either an instability or a source. In the former case it is necessary to determine not 
just the waveform but also the amplitude at which it saturates,  and hence nonlinear 
theory is required. In the latter it is essential to unders tand the spatial and temporal  
spectrum of the perturbat ions,  as well as their amplitudes, that  act as the source for 
the excitation of the waves, and the evolution of the wave, particularly its amplitude,  as 
it propagates away from the source. For the purposes of discussing energy, momentum 
or angular momentum transport  by waves it id in addition necessary to unders tand 
the way the waves deposit these quantities. This requires an understanding of wave 
absorption, reflection and of wave-breaking. The second part  requires a s tudy of the 
particle motion in the wave to determine whether any mixing takes place. This part  
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naturally concentrates on the Lagrangian motion of the particles, and is inherently 
nonlinear, since the particle motion obeys the equation 

= u(x, t) , (1) 

where u is the velocity field of the wave. This review focuses on this latter aspect of 
the problem. I discuss in some detail some of the considerations that  must go into any 
believable theory of mixing. The questions asked, " when do waves transport  mass", " 
what is meant by diffusion by waves", "does a diffusion coefficient exist", are very basic, 
but because of the nonlinear nature of (1), have perhaps unexpected answers. 

It is important  to distinguish between the k i n e m a t i c  problem in which u(x , t )  is 
specified a priori, and the more difficult d y n a m i c a l  problem in which u(x, t) is sought 
as a solution of the nonlinear equations of motion of the fluid. An example of the former 
is given by 

u(x , t )  = N e  ( / A ( k ) e i w ( k ) t - l k ' x d 3 k  ) , (2a) 

i .e .  a superposition of disturbances with dispersion relation co(k), and amplitude 
distribution A(k).  With A(k)  infinitesimal (2a) is a solution to the linearized equations 
of motion. 

To appreciate the consequences when A(k) is finite, consider the one-dimensional 
monochromatic wave train (a sound wave), 

u ( z , t )  = A cos(kz - cot) , (2b) 

travelling with the phase speed c = c o / k .  To solve for the particle motion, one expands 
x in powers of the amplitude A : 

Then 

x =  x o + A z l +  .... ( 3 )  

where 

< . . .  > - ( . . . )  de 
co 

This is known as Stokes' drift and is a purely nonlinear effect. In fact it is possible to 
calculate < k > from (2b) exactly (Knobloch and Weiss, 1987a), 

< ~ >  = [ c [ 1 - V / 1 - ( A / c )  2] , A < c (6) [ c , A > c  

A 2 
= A cos(kz0 - wt) + - -  sin2(kx0 - wt) + ... (4) 

c 
Hence at leading order in A the particle simply oscillates about its initial position x0. 
At second order, however, one finds that  the particle drifts in the direction of the phase 
velocity of the wave, with a speed 

1 A 2 
< k > -  2 c + O ( A 4 )  ' (5) 
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showing that  the particles are t rapped in the wave and therefore carried with its phase 
velocity, if the wave amplitude is sufficiently large. If (2b) is replaced by a dispersive 
wave packet of the form (2a) then the particles are t rapped for a finite t ime only, and 
are eventually left behind by the wave (Knobloch and Weiss, 1987a). 

The results described above are suggestive of the kinds of processes that  are 
impor tant  for particle t ransport  but are incomplete because the velocity field (2b) does 
not solve the nonlinear dynamical equations. Instead (2b) should be thought  of only 
as the first te rm in an expansion of u(x,t) in powers of A, i.e. it is valid only under 
the condition IA[ < <  c. To discuss an example in which particle t rapping is described 
s e l f c o n s i s t e n t l y ,  I turn  to the recently discovered convective waves (Walden et al, 
1985). In addition to providing a fully nonlinear analytical solution of the equations 
of motion, this example also demonstrates the importance of nonlinearities in selecting 
the wave pattern. 

Convective waves arise in regions of a star that  are stably stratified by a molecular 
weight gradient # ( due to ~He, for example) and subject to a superadiabatic 
tempera ture  gradient. In such a system an oscillatory diffusive instability, often called 
overstability, may occur even though the layer is statically stable. This process, known 
in astrophysics as semiconvection (Ulrich, 1972), occurs because the Lewis number  
r - ~,/~th is less than unity (indeed, in the Sun, r ~ 10-6). In this case a fluid 
element displaced upwards from its equilibrium position loses its heat faster than  its 
He content,  and consequently starts to descend. Since it is cooler when it returns to its 
original equilibrium position than on its way upward, it overshoots on its way down, and 
if N ,  > N S  ~t,  where N~ is the Brunt-V£ss£il£ frequency due to the #-gradient alone, 
the downward displacement will exceed the upward one. Thus growing oscillations will 
set in when the superadiabatic gradient, measured by the Rayleigh number  R, exceeds 
a critical value R0. 

If the system is assumed to be translat ion and rotat ion invariant in the horizontal 
direction the general solution at R0 to the linearized equations of motion is an arbi t rary  
superposition of travelling waves : 

wn• ( x , z , t ) = ~ e  ( f ( z ) j d O A ( O ) e  ~(kx ~0(k)t)) , (7a) 

where w0(k) is given by the dispersion relation, and the integral is carried out over all 
the k satisfying Ik] = k¢, the value minimizing R0. Here w is the vertical velocity, 
f ( z )  represents the common vertical s t ructure of the eigenfunctions with Ikl = kc and 
8 denotes the orientat ion of k relative to some axis. Thus if x = (z,y),  then 
k = kc (cos0, sinO). The solution (7a) is neutral ly stable. However, when R exceeds 
R0 the solution will grow exponentially in t ime until nonlinear terms become important .  
When this is the case an arbi t rary superposition of waves is no longer a solution and 
the solutions are greatly restricted in structure.  When 0 < R - R0 < <  R0 these 
nonlinear solutions may be approximated by part icular  solutions in the class (7a). Thus 
we may speak of the nonlinear terms as selecting a part icular  set of solutions from the 
far larger class of solutions represented by (7a). The significance of this observation 
becomes clear once it is realized that  different waveforms mix and t ranspor t  mass in 
very different ways. 
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To illustrate these points consider the two-dimensional problem in which a stably 
stratified fluid is confined between two unbounded horizontal planes and heated from 
below. Then (7a) is replaced by 

Wnn (x, z , t )  = ~e ( A l e  'k¢ ~ + A2e ik°~) f ( z )  , (7b) 

where 

Thus A1 and A2 represent left-travelling and right-travelling waves, respectively. For 
R > R0 the spatially periodic solutions with the same wavelength 2~r/kc as the linear 
problem are determined by including in equation (7c) appropriate nonlinear terms. 
Then solving the equivalent of (7c) for A1 and A2 yields an approximation to the fully 
nonlinear problem in the form (7b), i.e., 

Woooli  (x ,  z ,  t)  = wlio (x ,  z ,  + .. . . .  (8)  

Recently developed theory (Knobloch et al, 1986; Knobloch, 1986a) shows that for 
0 < R - R0 <<  R0, equation (7c) can always be written in the form 

/ t l  = [A + iw + a tA2lZ + b lAt2 + ...] A1 , (9a) 

J~2 = [ A - i w + ~ l A l l  2 + b l A ]  2 + . . . ] A 2  , (9b) 

where IAI 2 - -  JAI] 2 + IA212 is related to the Nusselt number, A is proportional to R - R 0  
and w - w0 =- O(A) . The ellipses denote higher order terms in the amplitudes A1, A2. 
If we introduce real variables defined by Aj = xj  exp(iOj), j=l ,2 ,  equations (9) become 

~1 -~" [~ "~- av x2 2 -~- b r (Xl 2 --~ x2 2) + ...] Xl (10a) 

&2 = [A + a~ xl  2 + b, (xl  2 + x22) + ...] x2 , (10b) 

for the real amplitude (xl, x2), with deeoupled equations for 01, 02. Here the subscript 
r denotes the real part of the coefficients a, b. 

The resulting equations have four types of solutions : 
the trivial solution (Xl,X2) = (0,0) corresponding to pure conduction, (x,0) and 
(0, x) corresponding to left- and right-travelling waves (TW),  respectively, and (x,~) 
corresponding to standing waves (SW).  These solutions are represented in the form of 
bifurcation diagrams A(A) in the (a~, b.) plane in fig. 1. Observe that stable solutions 
occur only if TW and SW both bifurcate supercritically (toward A > 0) and that the 
stable solution (indicated by a solid line ) is the one transporting more heat. Figure 
1 points out quite dearly the role of the nonlinear terms in determining whether the 
instability evolves, for R > R0, into a travelling or a standing wave. For example, in 
the region {a. < 0, b. < 0} a solution in the form of SW will evolve into either a left- 
or right-travelling wave, depending on the nature of the perturbation. Since SW do not 
transport any mass, while TW are accompanied by both Lagrangian and Eulerian mean 
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Figure 1. Bifurcations diagrams A(A) from equations (10) in the (a~,b,)-plane. Stable 
(unstable) branches are indicated by solid (dashed) lines. 

flows (cf. Knobloch and Moore, 1989), the theory presented above shows that it is the 
coefficients a,, b~ that determine whether transport will take place or not. 

The coefficients a,.,b~, depend on the boundary conditions that are used in 
conjunction with the partial differential equations describing the system. Without 
going into details, we list below the results of such computations. For thermosolutal 
convection (semi-convection) the preferred mode is a travelling wave (Knobloch et al, 
1986); for rotating convection TW are preferred provided the Prandtl  number cr < 0.68 
and the Taylor number is sufficiently large (Knobloch and Silber, 1989); in contrast, for 
convection in a vertical magnetic field SW are preferred ( Dangelmayr and Knobloch, 
1986) although TW are preferred in a horizontal field (Knobloch, 1986b). 

The above theory describes monochromatic wavetrains with unique spatial and 
temporal frequencies and their harmonics. These are the simplest nonlinear solutions of 
the governing partial differential equations. But more complicated nonlinear waves can 
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also solve the governing equations. In particular we expect that as R - R0 increases the 
pure wavetrain may undergo various secondary instabilities leading to more complex 
waveforms. Such solutions are in general hard to find, but become accessible to 
perturbation theory in special regions in parameter space, typically where the primary 
instability is degenerate. This is the case, for example, when the frequency w0 is close to 
zero. The analysis of the resulting "codimension-two" bifurcation shows (Dangelmayr 
and Knobloch, 1987) that for doubly diffusive convection the TW loses stability at a 
secondary oscillatory instability that introduces a new, independent frequency into the 
wavetrain without changing its spatial structure (Knobloch, 1986a). I refer to such waves 
as modulated travelling waves (MW).  It is likely that such appearance of additional 
frequencies with increasing amplitude is typical of nonlinear waves, and for this reason 
I describe below in some detail the effect that such waves have on mass transport. 

The bifurcation analysis provides a prediction for the form of the (scaled) 
streamfunction in a MW (Knobloch and Weiss, 1987b): 

where 

¢(~ ,~ , t ) - -  ¢0 (~ ,~ )+5¢1(~ , ( , t ) ,  [5 [<<1 , ( l l a )  

¢o(~,~)= - ~ + R c o s ~ s i n ~  , (llb) 

(1-  sin , (11c/ 
Oz 

( = z + ct is the comoving coordinate and ~ = rrz. When 5 = 0, (11) represents a 
pure left-travelling wave; when 5 ¢ 0 the equation describes a modulated travelling 
wave. MW with R = 3.266 and ct = 0.195 have been observed in a recent experiment 
(tteinrichs et al, 1987). 

Fig. 2a shows the instantaneous streamlines of ¢0. When the TW amplitude R > 1 
two stagnation points appear on both the top and the bottom boundaries; these are 
connected by a special streamline, ¢0 = 0. Since this representation takes place in 
the comoving frame, all the fluid particles in the region enclosed by the streamline 
7 : {¢0 -- 0} travel more or less with the phase velocity c of the wave. These particles 
will be called "trapped". In contrast the particles outside 3' drift backwards with respect 
to the comoving frame, and hence are cMled "untrapped". The appearance of the 
separatrix 7 has important consequences for mixing. When 5 ~ 0 , i.e., when the 
wave is MW, the comoving streamfunction is no longer time-independent; consequently 
particles no longer follow the instantaneous streamlines. In fig. 2b I show the result of 
plotting the position of several fluid elements every modulation period T -- 27r/a of 
the perturbation streamfunction ¢1, obtained by numericMly solving the equations 

= - 0 ¢ / 0 ~ ,  ~-- 0¢/0~ (12) 

This procedure defines the so-cailed time-T map. Observe that the trajectories 
corresponding to streamlines of ¢0 that are far from the separatrix 7 remain regular, 
while those near 7 break up. Indeed it is possible to show (Knobloch and Weiss, 1987b) 
that when 5 ~ 0 the dynamics of (12) contains "horse-shoe" chaos. Near "y the fluid 
elements undergo a complex sequence of transitions between being trapped in the wave, 
and drifting backwards relative to it. The mixing resulting from this process has been 
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studied in detail by Weiss and Knobloch (1989), and its complexity is illustrated in fig. 
3 showing the interweaving of the region that is trapped for one iteration of the time-T 
map (fig. 3a) and the region which becomes untrapped after one iteration (fig. 3b). 
Using an approximate analytical form of this map calibrated against the solutions of 
(12), Weiss and Knobloch show that the process of repeated trapping and detrapping 
leads to anoma lous  diffusion, in the sense that 

/ ~  --= < ( . ( t )  - ~ ( 0 ) )  2 > - < ~ ( t )  - ~ ( 0 )  > 2 ~  t~ ,  as  t - ~  o0  , ( 1 3 )  

where, for the parameter values used, v ~ 1.93 . Here the angled brackets indicate an 
ensemble average over the particles in the chaotic layer formed by the destruction of 
the separatrix 7. Properties of this type of chaos imply that asymptotically in time 
the particles in the,layer are essentially perfectly mixed. It should be noted that owing 
to the long time tails in the distribution of trapped and untrapped particles it is not 
feasible to obtain an asymptotic result of the form (13) by direct integration of equations 
(12). 

These results indicate that the phenomena responsible for mixing in this example 
are both complex and subtle, and require a careful study. In particular, in the present 
case a diffusion coefficient, as conventionally defined, 

D = lira A x 2 / t  , (14) 
t ----+ o o  

does not even exist ! I suspect that this is a common feature of mixing by deterministic 
processes such as the one described here, and expect it to occur for more realistic forms 
of ¢, provided ¢0 contains some type of separatrix. 

From the point of view of mixing in the radiative core of the Sun, it is the internal 
gravity waves (g-modes) that are of greatest interest. It is important to apply some of 
the ideas and techniques developed for the convective waves described above to these 
waves. Press (1981) showed that the gravity waves excited in the convective overshoot 
will be focused towards the center of the Sun, where their amplitudes are sufficiently 
large that they may break (cf. Lindzen, 1981; McEwan, 1983), but did not address 
the mixing by such waves outside the nuclear-burning core. This process requires an 
understanding of the particle motions in such a wave. Since the convective overshoot 
excites internal wave packets rather than wave trains, and the wave packets propagate 
with the group velocity which is orthogonal to the phase velocity of the wave (Whitham, 
1974) , the particle motions are considerably more complicated than those discussed 
above. In addition, it is important to appreciate the role of shear flows. The Sun does 
rotate differentially in radius, a fact that introduces critical layers into the flow. These 
occur when 

e , ( 1 5 )  

where u = (u0(z),0,0)is the shear flow in (x,y,z) coordinates, and c the horizontal 
phase speed. Provided the Richardson number is of order one or greater, a wave 
propagating in such a flow will be effectively absorbed at its critical lever (Bretherton, 
1966; Booker and Bretherton, 1967), and its energy and momentum converted, in the 
first instance, into horizontal streaming motion. When this gets too large the streaming 
is suppressed either by viscous dissipation (cf. Lin, 1967) or by nonlinear effects (Kelly 
and Maslowe, 1970). Thus in the presence of shear the wave energy and momentum 
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Figure 2. (a) The comoving streamlines in a pure travelling wave for R -- 3.266, showing the 
separatrix "7 separating regions of trapped and untrapped particles; (b) The time-T map for a 
modulated wave with R = 3.266, c~ = 0.195 and 6 - 0.4 starting from several initial conditions. 
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are deposited in a much more localized manner than in its absence. The suggestion 
may therefore be made that, to the extent that the convective overshoot generates 
disturbances of a rather narrow bandwidth in frequency and wavenumber, local "jets" 
may be driven in the radiative core. These issues are currently under investigation. 
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under grant # CS-11-89. 
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T U R B U L E N T  T R A N S P O R T  IN S T R A T I F I E D  
A N D  R O T A T I N G  F L U I D S  

E. J.  Hopf inger  
Institut de M~canique, UJF, INPG, CNRS, B.P. 53 

38041 Grenoble 

The surface abundances of Li, 13C and other elements involved in the 

thermonuclear reaction in stars can only be exlained by hydrodynamic 

processes which lead to an effective transport of these elements well above 
molecular values. Those mixing processes could be due to intermittent 

instability events as was suggested by Dilke and Gough (1972) or to more 

homogeneous, weakly turbulent motions. Schatzman (1977) outlined an 
approach for the determination of a turbulent diffusion coefficient in the 
stellar interior and he found that weak turbulence in stably stratified 

regions gives diffusivities that exceed the molecular values by about two 

orders of magnitudes. It might be entirely coincidental, but it is worth 

mentioning that vertical diffusivities in the stably stratified ocean interior 

are also, on average, about two orders of magnitudes above molecular values. 
Different types of instabilities occur in stars and lead to turbulence 

production. Convective instability is probably the most prominent one at least 

in certain regions. Doubly diffusive, baroclinic and shear instabilities are 

also possible, Schatzman (1977) in particular considered shear instability due 

to differential rotation as a likely candidate. In the sun, strong shears of this 

kind exist in the inner part(see Gavryuseva, 1986) 

Localising and understanding instabilities, turbulence production and 

wave generation in stars are essential to the prediction of their evolution. In 

addition, it is necessary to know how turbulence is affected by stratification 

and rotation in particular when it is produced intermittently or when it 

penetrates into a stably stratified region. Three-dimensional turbulence 
under the effect of stratification or rotation degenerates into waves and quasi 
two-dimensional (2D) turbulence which interact. 2D turbulence is efficient in 

transporting mass in a direction perpedicular to gravity or the rotation axis. 
Transport parallal to gravity or the rotation vector would have to be 
accomplished by waves. This raises the important question about mass 
transport by waves discussed by Knobloch ( this volume ). 

Effec~of stra~ifica(ion o_o,_~urbulence and mixing 

The effect of stratification on turbulent transport is best illustrated by 
flgure I, origionally proposed by Posmentier (1977) and elaborated on by 

Linden(1979). For a passive scalar quantity (here temperature), of 

sufficiently weak gradient, the flux (expressed by R f) is known to be 

proportional to the mean gradient (expressed by Ri), assuming of course that 

the turbulent flux can be represented by a gradient transport model. This 
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implies tha t  pe r tuba t ions  in mean grad ien t  genera ted  local ly by the 
t u r b u l e n t  motions diffuse rapidly  and the mean grad ien t  tends to be smooth. 
When, for  the same t u r b u l e n t  e n e r g y  inpu t  the mean scalar  g rad ien t  is 
increased  such that  it becomes dynamica l ly  act ive,  the flux is no longer  
p ropor t iona l  to the g rad ien t  and for  s t rong s t r a t i f i ca t ion  is a decreas ing  
func t ion  of the gradient .  In this  case local s t rong grad ien ts  will be enhanced  
and weak gradients  will be f u r t h e r  weakened.  This process  explains  why the 
ocean mic ros t ruc tu re  consists of densi ty  steps adjacent  to mixed regions .  

More gene ra l l y  the heat  or mass flux is expressed in re la t ion  to the 
t u r b u l e n t  k ine t ic  e n e r g y  product ion , namely  by a flux Richardson number  
Rf, and the scalar  g rad ien t  by a g rad ien t  Richardson number  Ri as shown in 
f lgere  I, The maximum value the flux Richardson number  can reach  is about 
0,3 at a g rad ien t  Richardson number  of about 0.I , meaning  that  at most 30% 
of the t u r b u l e n t  k inet ic  e n e r g y  produced can be used for  mixing; the 
r eminde r  is dissipated by viscosi ty,  The decrease in flux Richardson number  
when Ri > 0.I is a consequence  of the t r a n s f e r  of t u r b u l e n t  e n e r g y  into 
i n t e r n a l  wave motions which  do l i t t le mixing or no mixing at all in the l imit  
of l inea r  waves, 

Other than  the g rad ien t  Richardson number  which  is expressed by 
ex te rna l  quant i t ies  such as the mean grad ien t  and mean shear ,  local 
pa ramete rs  cha rac t e r i s t i c  of the t u rbu l ence  s t ruc tu re ,  are also commonly 
used. These have a more un ive r sa l  cha rac t e r .  When tu rbu l ence  is created 
i n t e r m i t t e n t l y  by a mean shear  due to i n t e r n a l  waves for  ins tance  which  
then  ceases ,  as is of ten the case in stably s t ra t i f ied  fluid systems such as the 
ocean, these i n t r i n s i c  pa ramete r s  are the only  ones which  allow to speci fy  
the state of evolut ion of the tu rbu lence .  The p e r t i n e n t  paramete rs  are 
readi ly  obtained from the t r a n s p o r t  equat ions  for  mean shear  f ree  t u rbu l ence  
(Hopf inger ,  1987). By non -d imens ina l i s i ng  these equat ions  by the l eng th  
scale 

Lp--- ip ' )  2 I/2/(~/~z) and frequency N=(-(g/)~)~)~/~z} I/2 

where  p' is the densi ty  f luc tua t ion ,  p t h e m e a n  densi ty  a n d z i s  taken upward, 
opposite to the d i rec t ion  of g rav i ty  g. we obtain the fol lowing parameter :  

N3wLp/cN (I)  

which can be wr i t t en  in the form 

(Lp /LR)2(Lb/Lp ). (2) 

The scale LR = (~/N3)I/2 is known as the Ozmidov scale, Lb = w/N is the 

buoancy scale, w the r .m.s . tu rbu len t  ve loc i ty  para l le l  to g rav i ty  and £ the 
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Figure I Turbulent heat or mass flux, expressed by a flux Richardson number 
Rf. as a function of scalar gradient, expressed by a gradient Richardson 
number Ri. Numerical values are taken from Linden(1979). 
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Figure 2. Schematic representation of the evolution of length scales Lp, LR, LK. 
The coefficientscl, c2, cg are determined experimentally. 
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d i s s i p a t i o n  r a t e .  The ra t io  Lb/Lp =w/NLp  is the  d i s t u r b a n c e  Froude  n u m b e r  

F. From ( I )  i t  is s e e n  t h a t  w h e n  c = w3/Lp , w h i c h  is l e g i t i m a t e  b e f o r e  

t u r b u l e n c e  co l l aps  due to s t r a t i f i c a t i o n  b e g i n s ,  the  d i s t u r b a n c e  Froude  
n u m b e r  is the  o n l y  r e l e v a n t  p a r a m e t e r .  F u r t h e r m o r e ,  w h e n  w /  N Lp = I we 
h a v e  LR =L0 . T h e  e f f e c t  o f s r a t i f i c a t i o n  is, t h e r e f o r e ,  o f t e n  c h a r a c t e r i z e d  in 

t e r m s  of  the  sca le  LR : 

w h e n  LR > Lp. turbulence is unaffected by stratification, 

LR ~" Lp ,  onse t  of  s t r a t i f i c a t i o n  e f f e c t s ,  

Lp > LR> LK , 3D t u r b u l e n c e  ex is t s  on sca les  s m a l l e r  t h a n  LR and  

i n t e r n a l  w a v e s  a r e  g e n e r a t e d  a t  l a r g e r  sca les ,  

LR--,LK , waves and 2D turbulence coexist. 

The scale LK = (v31~) I/'I is the Kolmogorov dissipation scale. The evolution of 

the scales as a function of time is sketched in llQure 2. The coefficients cl, c2, 
c3 in figure 2 are respectively of order 1.5, 10, and 15-30 (see Itsweire et 

ai,1986). The turbulence length scale Lp is practically equal to the turbulent 
integral length scale L ( M~tais, 1985). The values of the non-dimensional 
times Ntwhich correspond to LR=clLp and to LR=C2LK are Reynolds number 

dependent, in the laboratory values are respectively about 1.5 to 3 and 4 to 9. 
The collapsed state of turbulence ( LR ~, c2 LK) is a superposition of 

i n t e r n a l  w a v e s  and  quas i  2D t u r b u l e n c e  as was s u g g e s t e d  by  R i l ey  et  al (1981) 
and  t a k e n  up by  Li l ly  (1983) and  C a p , r a n  (1989). Waves ex is t  on a t ime sca le  
Tb = N -I  and  quas i  2D t u r b u l e n c e  on a t ime sca le  Ta = L /u  . By w r i t i n g  the  

Bouss inesq  e q u a t i o n s  in n o n - d i m e n s i o n a l  f o r m  f o r  the  two t ime scales ,  two 
s y s t e m s  of e q u a t i o n s  a re  o b t a i n e d  w i th  t e r m s  of  o r d e r  one  and  of o r d e r  F = 
u /LN and F 2 . When  F-w-0 , t h e s e  e q u a t i o n s  r e d u c e  r e s p e c t i v e l y  to those  of  
l i n e a r  i n t e r n a l  w a v e s  and 2D t u r b u l e n c e .  When F is smal l  bu t  f i n i t e ,  the  
i n t e r a c t i o n s  b e t w e e n  w a v e s  and t u r b u l e n c e  o c c u r  at  o r d e r  F. 

E v a l u a t i n g  d i f f u s i o n  c o e f f i c i e n t s  in s t a b l y  s t r a t i f i e d  f lu ids  is a d i f f i c u l t  
task  because  of  the  v a r i a b i l i t y  of  t u r b u l e n c e  in t ime  and space .  Values  quoted 
f o r  e x a m p l e  fo r  the  ocean  i n t e r i o r  r a n g e  b e t w e e n  K = 10 -4 to 10 -7 m 2 s - I  .A 
way  to d e t e r m i n e  d i f f u s i v i t i e s  is by  m e a n s  of the  0 s h o r n  and  Cox (1972} 
expression 

K --DC (3) 

w h e r e  D is the  m o l e c u l a r  d i f f u s i v i t y  and  C = (~ 8/ ~ z )2 /  a ~ /  ~ z) 2 is the  Cox 
n u m b e r .  G r e g g ' s  (1980) m e a s u r e m e n t s  in the  ocean  m i c r o s t r u c t u r e  g ive  Cox 
n u m b e r s  b e t w e e n  2 and  60, i n d i c a t i n g  t h a t  v e r t i c a l  d i f f u s i o n  of  h e a t  in the  
ocean  i n t e r i o r  is one  to two o r d e r s  of  m a g n i t u d e  above  m o l e c u l a r  d i f f u s i o n  
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This  is of  the  same o r d e r  as d i f f u s i v i t i e s  in s t a r s  
(1977). 

Other  e x p r e s s i o n s  a r e  of  the  f o r m  

d e t e r m i n e d  by  S c h a t z m a n  

K = k c /N 2 (4) 

w h e r e  k = 0.1 (0zmidov,  1965), E x p r e s s i o n  (3) i n d i c a t e s  t h a t  w h e n  v e r t i c a l  
m o t i o n s  a r e  a b s e n t  we h a v e  K = D and  e x p r e s s i o n  (4) g ive s  f o r  v e r t i c a l  
m o t i o n s  of  o r d e r  LK a v a l u e  of K ~ v , w h e r e  v is the  k i n e m a t i c  v i s c o s i t y  . 

When the  P r a n d t l  n u m b e r  is v e r y  smal l ,  as is the  case f o r  s t a r s ,  i t  is l i k e l y  
t h a t  (4) b e c o m e s  m e a n i n g l e s s ,  C o n c e r n i n g  the  u s e f u l n e s s  of  (3) it  is d i f f i c u l t  
to see how Cox n u m b e r s  could be o b t a i n e d  f o r  s ta r s .  

Mix ing  ac.R_ross density_.jn_terfaces 

Often t h e r e  exis t  we l l  mixed r e g i o n s ,  w i th  n e a r l y  no m e a n  g r a d i e n t ,  
adjacent to interfaces characterized by strong gradients, Examples of this are 

the ocean thermocline and the atmospheric inversion layer. Such interfaces 

seem also to exist in stars (J.-P. Zahn, private communication). A knowledge 

of transfer processes across interfaces is therefore also of interest in the 
astrophysical context. Let us consider the case without a mean shear where 

turbulent kinetic energy is produced at the base of the mixed layer at a rate q 

( figure 5e ). 0nly a fraction of this energy will be available at the interface 

because most of it is dissipated by viscosity in the mixed layer( Hopfinger and 

Toly,1976). The important parameter is then the local Richardson number 

Ri = g 6 p L / )  u 2 (5) 

w h e r e  u is t he  r .m.s ,  t u r b u l e n t  v e l o c i t y  at  the  i n t e r f a c e  and  ~p is the  d e n s i t y  
j ump  a c r o s s  t he  i n t e r f a c e o f  t h i c k n e s s  h, 

In  l a b o r a t o r y  e x p e r i m e n t s  by  E and  H o p f i n g e r ( 1 9 $ 6 )  t u r b u l e n c e  was  
g e n e r a t e d  by  an  o s c i l l a t i n g  gr id  f o r  w h i c h  the  t u r b u l e n c e  s t r u c t u r e ,  in 
p a r t i c u l a r  u and  the  l e n g t h  sca le  L n e a r  the  i n t e r f a c e  w e r e  k n o w n  f r o m  
p r e v i o u s  m e a s u r e m e n t s  ( H o p f i n g e r  and  Toly) .  E ros ion  of  the  i n t e r f a c e  is 
a c c o m p a n i e d  by  a slow i n c r e a s e  in  mixed l a y e r  d e p t h  H. This  c h a n g e  in d e p t h  
is a t  a t ime  sca le  m u c h  less  t h a n  a n y  o t h e r  t ime  sca le ,  say  L/u ,  so t h a t  the  
p r o c e s s  can  be a s sumed  to be quas i  s teady ,  The r a t e  of  c h a n g e  in H, t h a t  is, Ue 

= dH/dt, can be measured and is indicative of the mixing rate. Measurements 

of this quantity over a wide range of Ri led to the mixing law(E and 
Hopfinger) 

Ue/U =alRi-3/2 (6) 

va l id  w h e n  Ri > 7. The u p p e r  l im i t  of  v a l i d i t y  d e p e n d s  on Pec le t  n u m b e r  Pe = 
uL/D. The c o e f f i c i e n t  a!  is of  o r d e r  I. Th is  m i x i n g  law is a p p l i c a b l e  w h e n  the  
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Figure 3. Configuration of mixing across interfaces: (a). mixing by oscillating 
grid produced turbulence: (b), penetrative convection. 
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Figure 4. Formation of concentrated vortices by turbulence in rotating fluids. 
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Peclet number is large ( Crapper and Linden,1974; Piat and Hopfinger,19$1), 

otherwise molecular diffusion must be taken into account. Hopfinger and Toly 
(1975) suggested the more general relation 

Ue/U =Ri-3/2{ al + a2 (Ri/Pe) I/2} (7) 

The R i -3 /2  b e h a v i o u r  i m p l i e s  t h a t  the  r a t e  of  m i x i n g  or  r a t e  of  p o t e n t i a l  
e n e r g y  i n c r e a s e  is no t  p r o p o r t i o n a l  to the  r a t e  of  k i n e t i c  e n e r g y  s u p p l y  at 
the  i n t e r f a c e .  P r o p o r t i o n a l i t y  would lead to a Ri - I  b e h a v i o u r .  The R i -3 /2  
r e l a t i o n  is o b t a i n e d  w h e n  it  is a r g u e d  t h a t  e n e r g y  fo r  m i x i n g  is made 
a v a i l a b l e  at  a b u o a n c y  or  i n t e r n a l  w a v e  t ime  sca le  ) ,~ (pL/g,~p) I / 2  r a t h e r  
t h a n  at  the  t u r b u l e n t  t ime  sca le  L /u  ( L i n d e n , 1 9 7 3 ) .  Other  e x p l a n a t i o n s  h a v e  
also b e e n  g i v e n ( M o r y , 1 9 $ 9 ) .  

P e n e t r a t i v e  c o n v e c t i o n  fo l lows s i m i l a r  laws. D e a r d o r f f ,  Will is  and  
S tock ton  (1980) de f i ned  a R i c h e r d s o n  n u m b e r  Ri + = gp~SH/w .2  wi th  the  
t u r b u l e n t  v e l o c i t y  b e i n g  g i v e n  by w* = [gp(w'S ' )0  H] I /3 .  The e n t r a i n m e n t  
v e l o c i t y  was  d e t e r m i n e d  by  We = - ( w ' e ' ) H / ~ e .  The i nd i ce s  0 and  H r e f e r ,  

r e s p e c t i v e l y ,  to the  o r i g i n  z=0 and to the  pos i t i on  of  m a x i m u m  n e g a t i v e  h e a t  
f lux  at  z=fl (see  f l0ure  $I)). {) is the  c o e f f i c i e n t  of  t h e r m a l  e x p a n s i o n  and ~e 
the  t e m p e r a t u r e  jump ac ro s s  the  i n t e r f a c e .  S ince  H~ ' ,L  and  w * ~  u the  
R i c h a r s o n  n u m b e r  Ri + is p r o p o r t i o n a l  to Ri d e f i n e d  in (5). The e n t r a i n m e n t  
r e l a t i o n  would,  t h e r e f o r e ,  to be e x p e c t e d  to be s i m i l a r  to (6). The 
e x p e r i m e n t a l  s c a t t e r  of  the  data  by  D e a r d o r f f  et al. is such  t h a t  no c l e a r  
e n t r a i n m e n t  law e m e r g e s .  The data  fa l l ,  h o w e v e r ,  w i t h i n  the  bounds  We/W* = 
a3Ri *-n  w i t h  I< n< 3/2 . The c o e f f i c i e n t  a s is a g a i n  of  o r d e r  I. M o l e c u l a r  

e f f e c t s  seem to be n e g l i g i b l e  in t he  e x p e r i m e n t s  by  D e a r d o r f f  e t  al., t he  
Pec le t  n u m b e r  b e i n g  > 103 . 

When the  n o n - t u r b u l e n t  l a y e r  a d j a c e n t  to t he  i n t e r f a c e  is s t a b l y  
s t r a t i f i e d ,  as is o f t en  t he  case,  i n t e r n a l  w a v e s  can be exc i ted  in t h i s  l a y e r  
which can radiate energy away from the interface and perhaps also transport 

mass. It has been shown by E and Hopfinger and also by Deardorff et al. that 

the energy radiated by internal waves is a very small fraction of the kinetic 

energy flux into the interface and the mixing rate is not altered by this 

energy leakage. Whether or not these waves can transport mass has not been 

investigated. It would be of interest to examine this question in the future. 
The interface thickness is finite and E and Hopfinger established from 

experimental data the relation 

h / H  = 0,055 + 0.91 Ri - I  ($) 

which is of the same form as Deardorff et al's. relation with the constants 

being somewhat different. This difference is in part due to a different 

definition of h and H. In any event, for large values of Ri the thickness is ,< 
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0.1H . The mechanism which  de te rmines  this  th ickness  is only specula t ive  at 
p resen t .  

The above resul ts  are  gene ra l l y  valid when the re  is no pe r s i s t en t  mean 
shear .  In stars,  when the ins tab i l i ty  is due to d i f f e r e n t i a l  rota t ion,  a 
pe r s i s t en t  mean shear  is l ikely  to exist. This changes  the e n t r a i n m e n t  law 
and also the i n t e r f ace  s t ruc tu re .  It is t h r e f o r e  of i n t e r e s t  to say a few words 
about this  s i tuat ion.  When the re  is an i n t e r f ace  some distance away f rom the 
shear  plane,  this  i n t e r f ace  acts on the mean flow in a way s imilar  to a 
boundary .  The mean flow under  this cons t r a in t  approaches  the con f igu ra t ion  
of p lane Couette flow (Pint and Hopfinger ,1981) with s t rong mean shear  at the 
boundar ies  and weak mean shear  in the i n t e r i o r  mixed layer .  The densi ty  
d is t r ibu t ion  is s imilar  to mean - shea r  - f r ee  mixing. 

The Richardson number  in shear  t u rbu l ence  d r iven  mixing is def ined 
with the shear  ve loc i ty  u** and the mixed layer  depth H in the form Ri** = 
g,~pH/pu * .2  . Momentum balance leads in this  case to the re la t ion(P in t  and 
Hopf inger )  

Ue/U )* = a4 Ri * ) - I / 2  (9) 

The coe f f i c i en t  a4 is of o rder  1. 

The i n t e r f a c e  th ickness  h adjusts to marg ina l ly  stable condit ions such 
that  the g rad ien t  Richarson  number  J = -  g ( ~ / s z ) / ) ( s U / s z )  2 < J c , T u r b u l e n c e  

which  diffuses from the mixed layer  has a t endency  to th in  the i n t e r f ace  
provided h /H 2,0,1 When J falls below the cr i t ical  value  (about 0.3) because 
of the erosion by t u rbu l ence  coming from outside the in te r face ,  the 
in t e r r ac i a l  l aye r  will become unstable  and, as a consequence ,  t h i c k e n i n g  
occurs.  This compet i t ion between erosion and ins tab i l i ty  leads to a marg ina l ly  
stable state (Kantha  et a1.,1977, Pint and Hopf inger) .  

Rotation ef fec ts  on t u rbu l ence  and mixing 

Rotation ef fec ts  on t u rbu l ence  and t u rbu l en t  mixing become impor tan t  
when the t u r b u l e n t  Rossby num ber  Re = u / L f  (the analogue of F in s t ra t i f ied  
tu rbu lence ) ,  where  f is the Coriolis f r e q u e n c y  E~ , i s  of order  I or less. This 
was demonstra ted by the exper iments  of Hopf inger  et ai.(1982). In these 
exper iments  osci l la t ing grid t u rbu l ence  of the type studied by Hopf inger  and 
Toly(1976) was subjected to rota t ion with the ro ta t ion axis p e r p e n d i c u l a r  to 
the grid plane.  Without ro ta t ion the t u r b u l e n t  ve loc i ty  u decreases with 
distance from the grid plane and the t u r b u l e n t  l engh  scale inc reases  
l i n e a r e l y  with distance.  With rota t ion the t u r b u l e n t  Rossby number  is large 
nea r  the grid and decreases like z -2 away from the grid, where  z is measured 
f rom the grid midplane.  The exper iments  by Hopf inge r  et al. showed an 
ab rup t  change  in t u r bu l ence  s t ruc tu re  a t z  = Z T , w h e r e  R o = 0 . 2 .  It may be of 

i n t e re s t  to poin t  out that,  by analogy with s t ra t i f ied  tu rbu lence ,  the e f fec t  of 
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rota t ion can also be expressed in terms of a l engh  scale equ iva l en t  to the 
0zmidov scale which  in ro ta t ing  fluid is ( Mory and Hopfinger ,1984) 

Lt~ = (e / f3)  1/2 (10) 

When Re = I, the scale L~ = L and when LK,--L~ < L, or equ iva l en t l y  Re < 0.2, 

the motion consists of quasi 2D t u r b u l e n c e  and ine r t i a l  waves, the anologue of 
i n t e r n a l  waves in s t ra t i f ied  fluid ( L ighth i l l ,  1978). 

An i n t e r e s t i ng  fea tu re  of ro ta t ing  t u rbu l ence  is the possibi l i ty  of stong 
vor t i c i ty  concen t r a t i on  into tornado- l ike  vor t ices .  These vor t i ces  suppor t  on 
them vor tex  waves (Hopf inger  and Browand,1982) which  themsel fs  t r a n s p o r t  
ene rg y .  A possible mechanism of vo r t i c i t y  concen t r a t i on  is sketched in 
flgure4. Attempts to give theore t i ca l  explana t ions  h a w  been made by Mory 
and Cap,ran(1987)  and by Goncharov and Gryanik(1986).  Such vor t i ces  also 
form in h igh Rayle igh  number  the rma l  convec t ion  (Boubnov and 
Golitsyn,1986). Because of these vor t ices ,  ro t a t ina l ly  dominated t u r b u l e n c e  is 
still capable of apprec iab le  mass t r a n s p o r t  in a d i rec t ion para l le l  to the 
ro ta t ion axis. 

Exper iments  on mixing across a densi ty  i n t e r f ace  by this  ro t a t iona l ly  
dominated t u rbu l ence  have r ecen t l y  been pe r fo rmed  b y F l e u r y e t a l . ( 1 9 8 9 ) .  A 
densi ty  i n t e r f a c e  was in t roduced at z < ZT, where  0.2< Re < I, and at z > ZT, 

where  Re < 0,2 . It was found that  the mixing rate decreased with ro ta t ion  
accord ing  to the cor re la t ion  

Ue/U = 0 . S R o R i  -1 (11) 

valid in the range  I<< Ri < $ Re "2 . One explana t ion  for  the decrease in mixing 
rate  is the e n e r g y  radiat ion away f rom the i n t e r f ace  by ine r t i a l  waves as was 
suggested by Maxworthy(1986).  Measurements  of the k ine t ic  e n e r g y  in the 
n o n - s t i r r e d  l aye r  showed that  the e n e r g y  leakage can be large;  the k ine t ic  
e n e r g y  in the n o n - s t i r r e d  layer  can reach  30 to 40 % of the t u r b u l e n t  k ine t ic  
e n e r g y  nea r  the i n t e r f ace (  F leury  et al.). This leakage alone can, however ,  
not  explain the observed decrease in mixing rate  due to rota t ion.  The Change 
in t u rbu l e nc e  s t ruc tu re  and also the response  of the i n t e r f a c e  to the fo r c ing  
by the t u r b u l e n t  eddies are o the r  possibil i t ies.  These aspects have r e c e n t l y  
been considered by Mory(1989). 
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Abs t r ac t .  Present knowledge on penetration and overshooting from stellar 
envelopes is reviewed and current assumptions are checked against laboratory 
experiments and numerical simulations. Emphasis is laid on quasi-adiabatic envelopes 
and, more precisely, on solar-type stars. Overshooting from the core is explicitly avoided. 

1. I n t r o d u c t i o n  

Proper determination of the mixed regions in stars is one of the major unsolved 
problems of stellar evolution theory. The most simple recipe, used in the early stages 
of stellar modeling, was to assume that for each stellar radius the system will choose 
either the adiabatic, COA, or the radiative gradient, OT, depending on which one of these 
takes the minimum absolute value 

where 

OfT = min{--CgA,--OT} 

L 
(~T ~ - - -  k - 1 - -  

47rr 2 

T 

L, T and P are the luminosity, temperature and pressure, r is the stellar radius, 
k = 4acT3/3Xp is the thermal diffusion coefficient and all other symbols retain their 
usual meaning. Assuming the regions where the temperature gradient is adiabatic to be 
well -instantaneously- mixed, the convective zone is identified with both the adiabatic 
and the mixed zones. 

Proper understanding of how these three zones overlap is the major concern of 
the present paper. Local theories of convection, for instance, introduce a significant 
improvement by assuming for the temperature gradient, (9~.T, a weighted average of 0.4 
and OT, with the averaging weights being functions of the local variables (Massaguer 
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1989, also §5). As a result, the convection zone can depart  from adiabaticity as much 
as needed, and the edges of the convection zone, OT = OA, do not delimit the adiabatic 
zone. Yet still the adiabatic zone is included in between these edges. 

Non-local theories address the question of how far beyond the edge of the convection 
zone mixing extends. This is certainly a precise question if, for instance, we agree in 
taking the edge at OT = OA. However, for practical purposes it can be a meaningless 
question, as will be shown below. If convection is strong enough to create an adiabatic 
region, as is often the case, a proper,  and certainly much less precise question, should 
be asked. How far beyond the edge of the adiabatic zone -i.e.: the edge of the region 
where O,.T ~- OA -does mixing extend? 

The conceptual mismatch between the three zones -convective, adiabatic and mixing- 
is inherent in the use of local theories for modeling internal structure.  Non-local theories 
part icipate in that  confusion to some extent if they are conceived as small perturbat ions 
of a local model. Using the words penetrat ion and overshooting as synonyms, as is 
usually done, is a consequence of this practice. The real breakthrough is to compute 
the whole mixed layer self-consistently, which is the main goal of some recently derived 
hydrodynamic models -see Massaguer's (1989) review for references. In the following 
we shall call overshooting a flow beyond the edge OT = OA if it does not significantly 
change the mean tempera ture  gradient -either because convection is weak or because 
the model is not self-consistent. Otherwise, we shall talk of penetrat ive convection. 

The aim of the present paper is to lay the grounds of the subject by stressing 
comparisons between stellar observations, laboratory experiments and numerical 
simulations. None of these gives a completely satisfactory picture but all of them 
together give quite a reasonable description, and any newly derived hydrodynamic model 
should be tested against such a description. In this respect, the initiative taken by Tooth 
& Gough (1989) of checking their hydrodynamic model against laboratory experiments 
-even though they have only considered the non-penetrat ive case- is to be encouraged. 

It will be shown below that  penetrat ion cannot be taken as an entity distinct from 
convection, nor can it be taken as a per turbat ion of convection between bounding walls. 
Penetra t ion is the obvious outcome of convection in the absence of bounding walls. 
Therefore,  convection in the core can hardly be t reated as convection in the envelope. 
While the former flow is to be modeled as thermal convection in a fluid sphere with 
uniformly distr ibuted heat sources, the latter is plain convection in a spherical shell. 
Also, the purpose of the present paper being to establish a connection as close as 
possible with physical reality, we shall avoid any further  reference to overshooting or 
penetrat ion from stellar cores. Because to the best of our knowledge no existing work, 
either laboratory or numerical, deals with penetrative convection in a sphere, with or 
without heat sources. 

In the following we shall concentrate on the problem of penetrat ion from stellar 
envelopes, which we believe to be very well described by a planar  geometry. In §2 
and §3 we shall review, respectively, what is known from laboratory and numerical 
experiments.  Penetrat ion from stellar envelopes will be discussed in §4. In §5 the most 
relevant ingredients for modeling penetrat ive convection will be summarized. 
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2. P e n e t r a t i v e  c o n v e c t i o n  as s een  f r o m  e x p e r i m e n t s  

Penetrat ive convection is a fairly frequent phenomenon in Nature.  The rising of a 
nocturnal  inversion layer in the Earth 's  atmosphere or the thermal  convection under  the 
thermocline in the upper  ocean are examples of it. It has also been explored in some 
detail in laboratory experiments. Some of these experiments on penetrat ive convection 
give rise to a statistically steady flow, whereas others do not. The lat ter  are the so-called 
run-down experiments because they evolve towards a final stage where convection mixes 
everything. They  are barely indicative of the situation expected in stars but  still give 
some hints. 

2.1 Run-down experiments 

The first experiment to be reviewed is that  of Deardorff, Willis & Lilly (1969). 
They  set up a constant tempera ture  gradient in a tank filled with water. By increasing 
the bo t tom tempera ture  at a constant rate the system developed a piecewise constant 
tempera ture  gradient. The bot tom layer was well mixed, displaying a constant 
tempera ture  profile. On top of it the fluid layer kept its tempera ture  profile unchanged, 
with the transit ion region between both profiles being smooth and very shallow. From 
this experiment it seems clear that ,  once the thickness of the whole layer is given, 
the knowledge of the top and bot tom tempera ture  plus that  of the heat flux -i.e.: 
the tempera ture  gradient in the conductive zone- is enough for the whole profile to 
be drawn. It must be noticed that  if the Boussinesq fluid were to be changed into 
a compressible fluid, the constant tempera ture  profile would to be changed into an 
adiabatic tempera ture  gradient. 

The paper quoted above does not give any information about the dynamics in the 
transit ion region. Whitehead &:Chen (1970) conducted a very different experiment 
that  gave a preliminary answer to this question. The experiment was not conceived as 
a run-down experiment,  though it is not clear whether  a statistically steady state could 
be achieved or not. The experiment consisted of heating the upper  surface of a fluid 
layer by using a heating lamp. The upper  layers of the fluid absorbed the radiated light, 
thus behaving as a fluid layer with heat sources. The conductive equilibrium obtained 
in such a way is unstable,  with the unstable layer located on top of a stable one. The 
authors  gave no indication about the mean s t ructure  that  was finally obtained,  but  they 
reported on very intense dynamics in the interphase between the stable and unstable 
zones. Plumes, which they prefer to describe as jets, mixed the whole layer, and excited 
gravity waves in the lower stable region. Both phenomena,  t ime-dependent  plumes and 
gravity waves, will be shown to consti tute the main signature of penetrat ive convection. 

2.2 Experiments on ice-water convection 

The only well-known experiment on penetrat ive convection that  evolves towards a 
statistically steady state is that  of the convection of water on top of an iced bot tom.  
Conduction tends to create a linear tempera ture  profile but,  water displaying its highest 
density at T = 3.98°C, any cooler layer below that  point is to be found unstable,  
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F i g u r e  1. Laboratory measurements from an experiment on ice-water convection, re-drawn 
from Adrian (1975). The depth z / z ,  is normalized to the point where the mean temperature 
takes the value T = 3.98°C. a) Mean temperature profile (solid line) and conductive 
temperature profile (dashed line) in degrees centigrade. The region of constant temperature 
gradient is the analog of the adiabatic zone in a stratified atmosphere, b) Best fit for the r.m.s. 
vertical velocity @ in arbitrary units 

(Courtesy of J. Fluid Mechanics). 

so mixing tends to create a homogeneous temperature layer at, roughly, four degrees 
centigrade. Early experiments had been conducted by Townsend (1964) and Myrup et 
al. (1970). Both experiments showed intermittent  narrow plumes extending across the 
mixed layer. In the former paper, temperature fluctuations of large magnitude near the 
interface of the unstable and stable layers were reported, and they were at tr ibuted to 
the breaking of internal gravity waves. 

A later experiment on ice-water convection was conducted by Adrian (1975). It was 
mostly concerned with the detailed description of the interphase between the stable and 
unstable layers. Part  of one of the figures in that  paper has been re-drawn in figure 1. 
In figure l(a) both a statistically steady mean temperature profile and the associated 
conductive temperature profile have been displayed. A roughly constant temperature 
layer can be easily identified. It is the analog of the adiabatic region for convection in a 
compressible fluid. Its extension is seven times larger than the originally unstable layer. 
This strength of the convective flow in flattening the entropy gradient comes in part 
from the fact that  the ice-water convection displays a finite amplitude instability. As 
discussed by Moore & Weiss (1973), by conveniently distorting the temperature profile 
the flow can become unstable even at subcritical Rayleigh numbers. Thus, it does not 
come as a surprise that  large distortions of the mean temperature profile arise even for 
mild supercritical Rayleigh numbers. 

In Adrian's experiment, several momenta for the turbulent velocity and temperature 
fields were measured. His best fit for the mean vertical velocity field ~ against depth 
z / z ,  has been plotted in figure l(b), where, z, is the depth of the temperature level 
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= 3.98°C. Velocity decays in a very short distance and its amplitude is rather 
smaller in the transition region than in the bulk of the domain. In that paper, mixing 
in the region z / z .  < 1 is described as being done by coherent structures, which in turn 
excite internal gravity waves in the upper layer z / z .  > 1. The power-law estimated for 
the uppermost levels goes like ~ a (z - z.) -25/12, changing near the edge towards a 

a (z - z . )  -1/4 power-law. 

3. P e n e t r a t i v e  convec t ion  as seen f r o m  numer ica l  s imula t ions  

Early attempts at modeling numerically penetrative convection involved ice-water 
convection. The first attempt was that of Musman (1968) by using the so-called mean- 
field approximation. Later on, Moore & Weiss (1973) produced a two-dimensional 
numerical simulation, and their results have been found consistent with Adrian's 
measurement. The only criticism may arise from their computed flow being cellular-like 
instead of plume-like, thus not giving the random time-dependence expected. 

More recent attempts at modeling penetrative convection have been motivated by 
stellar structure theory. In the following we shall review a cooperative effort aimed at 
describing quasi-adiabatic convective envelopes, with the convective zone of the Sun as 
a target. 

3.1 Penetrat ive  convection in a sandwiched layer 

The simplest way of setting up a penetrative convection flow is by putting three 
fluid layers one on top of the other, with the middle one being unstable and the other 
two adjoining layers being stable. In the numerical experiments to be reviewed below 
such a structure has been achieved by imposing either a piecewise constant conductivity 
-or opacity- or a piecewise constant adiabatic gradient. In the former case, and for a 
compressible fluid, the unperturbed sandwich displays a piecewise polytropic structure. 
Both issues have been examined and found to be consistent. 

A major difficulty with the assumed model comes from taking either the conductivity 
or the adiabatic gradient -i.e.: the magnitude defining the change in stability- to be a 
function of the geometrical depth. This is Certainly an unphysical assumption. Proper 
modeling should assume either magnitude to be a function of temperature and density, 
but this would possibly imply unwanted additional instabilities such as the kappa- 
mechanism. As a consequence, in these papers the edge of the convection zone, OT = OA , 
was pinned at a fixed position, thus enhancing the relevance of the edge of the unstable 
layer. As an additional, though minor consequence, the finite amplitude instability 
described by Moore ~ Weiss (1973) for ice-water convection is inhibited, although other 
physical mechanisms producing finite amplitude instability, like the stratification itself 
(Massaguer & Zahn 1980), can still be active. 
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3.1.1 On modeling cellular convection 

The first a t tempts  at modeling penetrat ion in a sandwiched layer were based on a 
modal expansion, and most of the results were obtained for a single horizontal mode 
representation, thus imposing on the flow a well-defined cellular structure.  In the 
following we shall only consider three-dimensional cells -i.e.: hexagonal planforms- as 
they give the most plausible results. In such a geometry the streamlines become more 
concentrated near the centreline of the cell than near its border, thus showing a preferred 
orientation. This is not a crucial issue in Boussinesq convection, as the equations there 
display a mirror symmetry  against a mid-plane, and every orientation is equally alike but  
it certainly matters  in a stratified fluid. In the following we shall call the flow upwards 
or downwards according to orientation of the velocity field along the centreline. 

The most impor tant  question for astrophysical applications concerns the thickness 
of the adiabatic zone. Roughly speaking, for a Boussinesq fluid the entropy gradient 
changes discontinuously from its radiative value to a zero gradient value (Zahn, Toomre 
~z Latour  1982). The adiabatic zone is certainly larger than the unstable layer, so 
penetrat ion is important ,  but  the tempera ture  gradient across the whole sandwich is 
either radiative or adiabatic with, roughly speaking, no intermediate values. 

In a stratified fluid and for a down mode -i.e.: centrewards- the phenomenology is 
very similar (Massaguer et al. 1984). Yet now, if the density contrast between top and 
bo t tom is very large, the upper section of the unstable layer can depart  significantly from 
the adiabatic gradient. These layers are under the influence of an additional stabilization 
effect induced by the so-called buoyancy inversion (Massaguer &: Zahn 1980), with the 
flow being squeezed downwards, as can be seen in figure 2(b.) It can also be realized 
from this figure how sharp the edges of the adiabatic zone are, thus giving this zone a 
well-defined entity. 

The upward modes display a very different phenomenology, as their penetrat ion is 
almost negligible, with the edges of both  the convective and the adiabatic zones being 
superimposed. But what does come as a real surprise is that  once both  up and down 
modes act together,  though interacting only through the mean structure,  the upwards 
mode dominates,  thus giving negligible penetration.  Such a lack of penetrat ion can be 
questioned on physical grounds, as it works against any laboratory-minded intuition. 
However, as both types of modes give two different types of energetic balance, proper  
sorting of the dominant mechanism matters.  Two-dimensional numerical simulations 
to be reviewed below give the opposite answer, thus favouring the down-mode balance, 
and therefore displaying impor tant  penetration.  

Besides the tempera ture  gradient, the velocity field is the most impor tant  magnitude 
to be measured in a penetrative setting. The thickness of the non-adiabatic mixed layer 
has been found to be very shallow in every computed model, with the velocity there 
being a small fraction of its maximum value in the bulk of the domain, as can be seen 
from figure 2. Such a result seems to be consistent with laboratory measurements -see 
figure l(b). Yet the large values displayed by the gradient of the horizontal velocity, 
see figure 2, can be suspected of being unstable if the t runcated model could properly 
deal with shear instabilities. In fact, the flow displayed in figure 1 is t ime-dependent 
and plume-like, while that  in figure 2 is steady and cellular. Thus we can expect this 
non-adiabatic mixed regions to display shear-induced turbulence. 
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Figure 2. Results from a numerical simulation of convection in a highly stratified fluid on the 
assumption of anelastic modal expansion. Re-drawn from Massaguer eL al. (1984) the case 
of a downwards hexagon mode. The thick line on the axis of abscissae defines the unstable 
layer, a) Mean temperature gradient OfT as a function of depth. The value of the adiabatic 
temperature gradient is 0 A : 0.8. The spike at the edge of the unstable zone is forced by the 
discontinuity imposed on the thermal difusion coefficient, b) Vertical velocity Vv (solid line) 
and horizontal velocity VH (dashed line). (Courtesy of Astron. & Astrophys. ) 

3.1.2 Modeling penetration from a two-dimensional approzimation 

The highly t runcated  models described above raise some question about  the 
dominant  balance and, also, about  the s t ructure  of the mixed layer. Some prel iminary 
answers can be obtained f rom the two-dimensional numerical  s imulat ion carried out by 
t tur lbur t ,  Toomre & Massaguer (1986), even if a two-dimensional  approximat ion  is far 
f rom being not free f rom criticism. 

What  is new and physically satisfactory in this work is its plume-like, t ime-dependent  
flow. A ma jo r  consequence of the non-cellular geometry  of the flow is an intense 
t ime-dependent  dynamics,  with plumes entraining ambient  fluid to their interior. As 
the ambient  fluid is at rest, the ent ra inment  results in a damping,  which slows down 
the motion.  Therefore,  as compared  with a cellular down flow, penet ra t ion  decreases 
significantly. The main  balance is no longer between buoyancy work and kinetic energy 
production,  and ent ra inment  of ambient  fluid by shear also plays an impor tan t  role. 

An additional point to be mentioned is the presence, in the lower stable layer 
of internal gravity waves excited by the plumes themselves.  It  is very difficult to 
differentiate the region where the velocity field produces mixing f rom that  where the 
velocity field is made  up only of waves, if indeed this difference could be made.  Every 
statistical m o m e n t u m  -i.e.: mean kinetic energy, mechanical  flux, etc.- computed  in 
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this region decreases in a different length-scale. A preliminary attempt at properly 
defining a mixed region can be found in Hurlburt, Toomre & Massaguer (1989), where 
the dynamics of a passive scalar in a two-dimensional flow is examined. But proper 
understanding of the internal gravity waves' transport properties is a non-trivial, as yet 
unsolved problem, which deserves profound theoretical effort (Knobloch 1989). 

3.1.3 Upwards penetration 

Most of what has been said above concerned downwards -i.e.: centrewards - 
penetration from a convective envelope. Penetration towards the upper layers of a highly 
stratified atmosphere, say towards the photosphere in the solar case, is quite different. 
There, the main balance is different from that in a laboratory setting. Non-Boussinesq 
effects can be very important. The stabilizing effect of the pressure fluctuations, induced 
by buoyancy inversion and shear, constrains the motion to be cellular instead of plume- 
like. Penetration, measured in geometrical length is very small, and the edges of the 
convection and adiabatic zones are located at the same place. Penetration is almost 
reduced to an undulation of the top boundary. However, if the adiabatic zone is taken 
as the physically relevant entity, it can be realized that mixed regions on top and below 
the adiabatic zone span a similar geometrical depth. What makes a real difference 
between both mixed-layers, however, is their strength in producing internal gravity 
waves, which is much smaller in the upper layer than in the lower one. 

3.2 Convection in an A-type star 

As regards convection, stellar envelopes range from those where advection is highly 
efficient in transporting heat, thus making the temperature gradient adiabatic almost 
everywhere, to those where heat transport by advection is negligible. Roughly speaking, 
the effective temperature plays the role of an "order parameter" in Thermodynamics. 
In main sequence stars, decreasing the effective temperature increases the efficiency of 
convection. In the hottest stars displaying a convective zone the mean temperature 
gradient is independent of convection, and is so for the whole structure of the star. But 
the hydrodynamic activity can still be very large there. 

The prototype of an inefficient convective envelope is that of an A-type star (Toomre, 
Zahn, Latour & Spiegel 1976). These stars show, in fact, two such convective shells, 
with penetration tunneling between them both (Latour, Toomre 8, Zahn 1981). Their 
structure is Mmost insensitive to the details of convection except, perhaps, as regards 
those processes associated with changing the chemical composition by mixing. The 
description that will be given below follows from the two papers quoted above. They 
are based on a modal expansion of the anelastic equations. Results were obtained for 
both, two-dimensional rolls and three-dimensional hexagons, but only the latter will be 
considered here. 

As anticipated, the entropy profile for the computed solutions did not show 
any significant departure from the profile obtained on the assumption of radiative 
equilibrium. Convection was so mild that it did not flatten the mean entropy profile 
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~:(r). Thus, these stars provide a typical example of overshooting. The extent of 
penetration, as measured from the edge OT = OA ,or 0~S = 0, to the first zero of the 
vertical velocity field was found to be, roughly speaking, one scale-height, which in 
turn is equivalent to the whole depth of the unstable layer. In spite of the reduced 
thermal activity, as measured in terms of the convective heat transport, the mixed layer 
was found to be the site of an important hydrodynamic activity. It is noteworthy that 
the region separating the two unstable layers could be tunneled by convection, thus 
completely mixing the overlapping region. 

Although the above description is in complete agreement with current knowledge 
on A-type stars, comparison with the laboratory and numerical experiments quoted 
above raises some doubts. The existence of a convective zone with an almost conductive 
gradient is, certainly, completely consistent with the experiments on Benard convection, 
but it might not be with experiments on penetrative convection. If the temperature 
contrast across a fluid layer in radiative equilibrium is increased monotonously, the 
radiative equilibrium will become unstable and a convective flow will be triggered. In 
Rayleigh-Benard convection the amplitude of the velocity at the onset of instability 
is negligible and increases monotonously with the temperature contrast, thus reaching 
first a small amplitude velocity regime. But penetrative convection arises as a finite 
amplitude instability, as discussed by Moore ~ Weiss (1973) for ice-water convection 
-see also §2.2. Therefore, it is not clear why an almost radiative regime is to be 
reached if penetration is allowed. To be precise, penetrative convection arises as a 
finite-amplitude bifurcation, and there exist two branches of possible solutions, which 
can both be reached in a numerical experiment. The structure and stability of such 
branches may depend on details, and the existence of a new branch of quasi-adiabatic 
solutions cannot be ruled out. 

4. Pene t r a t i ve  convect ion f rom quas i -adiabat ic  envelopes 

The prototype of a star with a quasi-adiabatic envelope is the Sun. But in spite 
of the unquestionable efforts that have been devoted to such a purpose, no attempt at 
producing a hydrodynamic model has succeeded as yet, mostly because of the strong 
numerical constraints imposed by its high density stratification, but also because of 
parameterization difficulties. 

Observations, however, have made it possible to do what numerical simulations 
have failed to do. Recent work by Christensen-Dalsgaard, Gough 8z Thomson (1989) 
has shown a well-defined adiabatic zone located in the top twenty-three percent of the 
solar radius. They have obtained the temperature distribution from the speed of sound, 
measured inside the Sun by inverting helioseismological data. Thus, their results have 
to be taken as a direct measurement of the temperature gradient. By plotting the curve 
W = -~mOrC2aO~; against the solar radius they found a fiat region with W - 0 on 
the upper layers of the Sun, but the steepness of the curve changed discontinuously 
at r / R  o = 0.77, with W increasing with depth. Therefore the edge of the adiabatic 
region can be identified very easily, but there was nothing that could be identified as the 
edge OT = 0,4 • We must conclude either that this edge coincides with the end of the 
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adiabatic zone O,.T ~- OA or that  its position is of no practical relevance, as emphasized 
in previous discussions of laboratory experiments and numerical simulations. 

From the point of view of stellar modeling, the question concerns the calibration of 
local models and the relationship of such a calibration with the depth of the adiabatic 
zone. Mixing-length theories, for instance, are dependent on the so-called mixing-length 
parameter ,  which measures the ratio of the mixing length to the pressure scale-height. 
Calibration means choosing the adiabat so as to fit some constraints -say the radius of 
the star for a fixed chemical composition. But choosing the adiabat also means choosing 
the depth of the adiabatic zone. Therefore, it is inconsistent with local modeling to 
assume for the adiabatic zone an extension beyond the edge OT = OA • The convective 
flow can, indeed, overshoot that  edge but certainly not modify the entropy profile below 
that  point. 

5. I n g r e d i e n t s  fo r  a t h e o r y  

In the previous sections it has been shown how every experiment on penetrat ive 
convection, either laboratory or numerical, gives a very similar picture, with the sole 
exception of the model of an A-type star reviewed. This picture consists of a layer of 
fluid displaying a quasi-adiabatic tempera ture  gradient and bounded by two adjoining 
layers in radiative equilibrium. The mixed layer slightly overflows the adiabatic zone, 
thus giving two very shallow overshooting layers. If the density contrast between top 
and bot tom is very large, then the uppermost  levels in the adiabatic zone behave as a 
transit ion layer, with the gradient there being intermediate between its radiative and 
adiabatic values. 

In spite of the apparent  simplicity of the model, there still remains one major  problem 
to be solved. How can the adiabat for the convective zone be properly chosen? Local 
models do so by calibration (Gough 8z Weiss 1976) or by giving an asymptotic  power 
law for the Nusselt number  N (Massaguer 1989), which comes to be the same thing. To 
be precise, the tempera ture  gradient can be writ ten as the weighted average 

N - 1  1 
0rT-- T 0A -]- ~ 0T 

where N is to be writ ten as a function of the Rayleigh and the Prandt l  numbers.  If 
most of the heat flux is t ranspor ted by convection then N >> 1, implying O,.T ~- OA • 

In the opposite case, N ~- 1, then O,.T ~- OT • Therefore, a precise law for convection 
is required only for the transit ion layer. But this is the region where non-local and 
non-Boussinesq effects can play a dominant role. Therefore, the answer is not an easy 
one. 

5.1 On non- local  mode l ing  

There are several useful short-cuts in order to derive a model that  can be plugged 
into a stellar evolutionary code. For instance, to derive a hydrodynamic model from 
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the full equations by imposing some ad hoc restrictions, often as closures on low order 
momenta, or by also deriving some asymptotic relationships. The rationale for such 
approximations originates in the equations themselves but, in order to be effective, the 
approximations are usually so crude that a large amount of phenomenology is required. 

A different short-cut is taken by non-local modeling, as its equations only express the 
main balances. Mass conservation is imposed by assuming a lagrangian description -i.e.: 
plumes, thermals, eddies etc. However, as mentioned in §3.1, entrainment of material 
into the lagrangian element is to be included. It reduces the specific momentum content 
and, by this bias, the balance between buoyancy work and kinetic energy production in 
a parcel of fluid is broken. 

Proper modeling of the advection of material into a fluid element is difficult, but 
it can be eased by using the experience obtained from modeling plumes in laboratory 
experiments (see, for instance, Turner 1973). A first attempt at modeling plumes in 
a compressible fluid or in a stratified atmosphere can be found in Schmitt, Rosner & 
Bohn (1984). 

Non-local models are often used also to estimate the properties of the velocity field 
below the adiabatic zone. In §2, results from experiments in ice-water convection 
have been quoted. They at least give some hints about scale-lengths for velocity to 
decay. But, as discussed in connection with the numerical experiments described above, 
decaying lengths are different for each one of the velocity momenta. As the plumes 
swinging induces random-like velocity fields, even order momenta, such as the kinetic 
energy, decay in a much longer distance than odd order momenta, such as the mechanical 
flux. Therefore, only soundly established turbulence models are suitable in order to 
describe the overshooting from a quasi-adiabatic region. 

6. C o n c l u s i o n  

In the present paper the structure of a convective zone in a penetrative setting 
has been examined. Laboratory experiments, numerical simulations and observational 
results have been compared one against the others in order to draft a general picture. 
A consistent scenario has been produced for stars showing a well-developed convection 
zone, which has been called a quasi-adiabatic convection zone. Convection in stars 
showing inefficient convective zones has also been discussed, but results concerning this 
case are too scarce to be cross-checked and some questions still remain open. 

The present work was supported by the Direcci6n General de Investigaci6n Cientifica 
y T6cnica (DGICYT) under grant PS87-0107. 
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Abs t r ac t .  We briefly review the instabilities which are the most likely to generate 
turbulent transport of chemicals and of angular momentum in radiative stellar interiors, 
namely the shear instabilities due to differential rotation. Estimates are given for the 
turbulent diffusivity, and it is examined how a meridional circulation can cause such 
differential rotation. 

1. I n t r o d u c t i o n  

Evry Schatzman was the first to point out that the chemical composition at the 
surface of the Sun and solar-like stars can only be interpreted by a mild but efficient 
transport of matter, which must take place well below their convective envelope, in the 
stable radiative region (Schatzman 1969, 1977; Schatzman and Maeder 1981). 

Such transport can of course be achieved by large-scale circulations, for instance 
through the well known Eddington-Sweet circulation which is generated by the thermal 
imbalance of a rotating star (Eddington 1925, Vogt 1925, Sweet 1950, Mestel 1953). 
Another large-scale motion, the so-called Ekman circulation (Ekman 1905), probably 
occurs at the bottom of the solar convection zone, as suggested already by Bretherton 
and Spiegel (1968). 

But Evry Schatzman had a different explanation. His intuition was that the 
transport of chemicals he was considering is due to motions of smaller scale, which 
he assumed to be caused by hydrodynamical instabilities. He characterized this weak 
turbulence by a Reynolds number Re*, and proceeded to deduce from the observations 
the turbulent diffusivity D, = vRe* (v being the kinematic viscosity). The Re* he 
found for the depletion of lithium et beryllium at the solar surface were rather small, 
below the critical Reynolds numbers required to trigger such instabilities. 

In spite of this apparent paradox, his intuition proved to be right. In fact, both large- 
scale circulations and turbulent mixing are likely to operate in the radiative interior; they 
compete and they are probably related. Such circulations advect angular momentum 
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and therefore they induce a non-uniform rotat ion which is highly supercritical. The 
kinetic energy which is fed into that  differential rotat ion can thus be released by various 
hydrodynamical  instabilities, and be transformed into turbulent  motions whose vertical 
component may well be subcritical. It is the purpose of the present paper to discuss 
this chain of processes. 

Before we do this, let us recall that  the radiative interior of the Sun is in almost 
uniform rotation, as we recently learned through helioseismology (Brown et al. 1989); 
this indicates that  there must be also some t ransport  of angular momentum,  in addition 
to that  of matter .  Those two t ransports  need not to be linked, but  it is worth examining 
whether they cannot be ascribed to the same cause. 

2. P r o p e r t i e s  o f  s h e a r  i n s t a b i l i t i e s  

The radiative interior of a star is stable with respect to the convective instability 
and it is therefore considered, to first approximation,  as being in a state of no motion 
(except for the rotation).  It is well known, however, that  a whole set of instabilities can 
occur there, due to various causes. Among them, it appears that  the so-called shear 
instabilities are the most likely, if not the only ones, to reach a state which may be 
described as turbulent ,  and that  they are able to actually mix the stellar material (see 
Knobloch and Spruit 1982, 1983; Zahn 1983). 

The simplest fluid motion which displays such instabilities is a plane-parallel flow 
whose constant downstream velocity U varies across the stream, in the z-direction. The 
strength of the shear is measured by the gradient dU/dz, which is also the magnitude 
of the vorticity. 

In the absence of other restoring forces, it is observed that  all such flows are unstable, 
once the Reynolds number  which characterizes them becomes large enough, although 
the detailed properties of the instability depend on the profile U(z). When U has an 
inflexion point somewhere in the domain, corresponding to a maximum of vorticity, it 
has been shown by Rayleigh (1880) (see also Fjortoft  1950) that  the flow is unstable to 
infinitesimal perturbat ions.  When the flow does not display such an inflexion point,  it 
generally requires a per turbat ion of finite amplitude to become unstable. The theoretical 
s tudy of that  non-linear case is more intricate; it is found that  the instability criterion 
does not only imply the strength of the per turbat ion,  but  also its shape (Gill 1965, 
Lerner and Knobtoch 1988, Dubrulle and Zahn 1990). 

But shear flows can be stabilized by a restoring force, and the most common example 
of this is provided by the buoyancy. In a stably stratified medium, that  restoring force 
is characterized by the buoyancy frequency N,  which in a homogeneous star is given by 

N 2 - g (Vad--  V,~d),  (1) 
Hp 

with the usual notations for the gravity, the presssure scale height, and the logarithmic 
tempera ture  gradients of stellar structure. If the perturbat ions associated with the 
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motions were adiabatic, the shear instability would be prevented as soon as 

N 2 
> 1/4 ,  (2) (aU/az)2 

a condition known as the Richardson criterion. 
In a star, however, the buoyancy force is diminished through radiative damping, 

because momentum diffuses much slower than heat; the ratio c~ between those two 
diffusivities, which is called the Prandtl  number, is very small in stellar interiors. It can 
be shown that  the stability criterion above then takes the form (Zahn 1974) 

N 2 
(dU/dz)2 eR~ > 1, (3) 

with Rc designating the critical Reynolds number for that  shear profile. 
However, when the star is not homogeneous but the molecular weight increases 

with depth (so that  the stratification remains stable), the buoyancy force is only partly 
reduced through radiative damping; then the original Richardson condition (eq. 2) again 
applies, with a modified buoyancy frequency 

(Nu) 2 g d l n #  
- Hp  d l n P  (4) 

Such a gradient of molecular weight can be achieved through nuclear reactions, or 
through gravitational settling. 

A similar restoring force operates in a rotating fluid, namely the Coriolis force, but 
it does not play the same role as the buoyancy. This was shown for an inviscid fluid 
by Johnson (1963), who found that the most unstable modes are not affected by the 
rotation. Experiments have been performed with real fluids, for instance by Rabaud 
and Couder (1983), and they clearly confirm that  the onset of the shear instability is 
insensitive to the Coriolis force. 

Those properties of plane-parallel shear flows can be readily applied to differentially 
rotating stars. Since a star is stratified, we must consider separately the vertical 
differential rotation, where the angular velocity ~t varies with depth r, and horizontal 
differential rotation, where ~ varies with latitude. In the first case, the buoyancy acts 
as a stabilizing force, and the instability criterion which holds for a homogeneous star 
is (from eq. 3) 

2 N 2 > (5) 

(s being the distance to the rotation axis). When there is a gradient of molecular weight, 
one recovers the Richardson criterion with the modified buoyancy frequency 

-~ r ]  > 4 (N")2 " (6) 

In the second case, that  of horizontal differential rotation, the shear instability cannot 
be prevented by the stratification, since the buoyancy force acts only in the vertical 
direction. We may thus conclude that ,  due to the very large Reynolds number 
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characterizing these flows in stars, a differential rotat ion in lat i tude is always unstable 
(Zahn 1975). 

When such a horizontal shear flow becomes unstable, it first gives rise to motions 
which have the same vorticity as the mean flow, and which are therefore horizontal, 
and two-dimensional. Those motions may be turbulent  eddies, or they may be waves 
(inertial waves in this case, since the Coriolis force is the major  force acting in 
the horizontal direction). Those horizontal motions may, in turn,  undergo a three- 
dimensional instability, unless the vertical motions are prevented by some restoring 
force. In any case, the resulting motion field is highly anisotropic, and one has to take 
this property into account when estimating the t ransport  efficiency of those motions, as 
will be done next. 

For completeness, we must mention the possibility of yet another  restoring force, 
which is due to the magnetic field. This Laplace-Lorentz force will probably play a 
major  role near the bo t tom of a convection zone, which is thought to be the site of the 
dynamo mechanism (see Spiegel 1987). But if the field alternates its polarity in time, 
as in the Sun, it will not penetrate  deep into the star, and it should not interfer much 
there with the differential rotat ion and with the shear instabilities mentioned above. 
The possibility of a fossile field traversing the star is not very likely either; it is hard 
to see how it would survive the pre-main-sequence phase and the various instabilities 
which tend to destroy it (see Tayler 1982). 

3. T h e i r  effect :  t u r b u l e n t  t r a n s p o r t  

Let us now examine how a turbulent  velocity field achieves the t ransport  of a scalar 
quanti ty such as temperature ,  the concentration of chemical species, etc. (The definition 
of the term "turbulent"  is out of the scope of this paper - let us just take it here 
in its intuitive sense.) To first approximation, this t ransport  can be described as a 
diffusion process (see Knobloch 1978), provided some conditions are met (a sufficient 
scale separation, for instance). The situation is more complex when dealing with vector 
fields, because those are also subjected to stretching, which may lead to enhancement 
of the fields, not only their diffusion. When the velocity field is isotropic, the turbulent 
diffusivity reduces to a scalar, D,,  which is given by 

1 
De = ~ ug,  (7) 

where u is the r.m.s, velocity and g the correlation length of the turbulent  velocity field. 
In the general case, when the turbulent  motions are anisotropic, D, is a tensor. In the 
phenomenogical approaches, these quantities are viewed as the velocity and the size (or 
the mixing length) of the turbulent  eddies. 

To estimate the mixing length 6, several prescriptions are available. Sometimes 
one can just take the dimension of the turbulent  region, when the largest eddies are 
actually of that  size. But in many instances the kinetic energy is injected at a scale 
which is smaller than that  of the whole unstable region; the most vigorous eddies, which 
contribute most to the turbulent  t ransport ,  are then of intermediate size. It is for that 
reason that ,  when modelling stellar convection zones, one relates the mixing length to 
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the local pressure scale height, following E. Vitense (1953). In the same spirit, one can 
choose for £ the distance to the nearest boundary, as was done originally by Prandtl. 

Likewise, several prescriptions are avalaible to estimate the velocity u. The largest 
turbulent velocities are often comparable with the variation AU of the mean flow speed 
over the unstable domain. In many cases, however, that amplitude AU is not prescribed, 
but results from the turbulent regime, whose strength in turn is determined by another 
requirement, such as the flux of momentum or of heat that has to be transported. When 
it is possible to directly estimate the rate st at which kinetic energy is injected into the 
turbulent motions at the scale ~, it can be readily established that 

~ ( ~ t )  1/~ (8) 

(see Landau and Lifschitz 1987). An alternate approach is to estimate u through the 
growth rate 1/T of the considered instability : 

£ 
u ~ - ,  (9) 

T 

that growth rate being derived from the linear instability theory. The correct procedure 
is to calculate its value once the instability has reached its full amplitude and has 
modified the mean fields. For instance, in the classical mixing-length treatment for 
convection the velocity is estimated by following the acceleration (over a mixing length) 
of an eddy in the actual superadiabatic stratification that has been established by the 
convection; the expression for the convective flux is then found to be 

Fc pu 3HP (10) 

Note that this expression yields the kinetic energy injection rate u3/£ in terms of the 
convective flux. 

Let us now consider specifically the turbulence which is generated in the horizontal 
differential rotation. We already mentioned that the motions resulting from that shear 
instability are strongly anisotropic: they are more vigorous and of larger extent in the 
horizontal direction than in the vertical. The diffusion coefficient is thus no longer a 
scalar, but a tensor. 

To determine the turbulent diffusivity in the vertical direction, we proceed as follows. 
We have seen that the horizontal shear gives rise to horizontal motions, which themselves 
may be unstable and yield three-dimensional eddies. But this transition from 2 to 3 
dimensions can be hindered by a restoring force. 

Among such forces, the Coriolis force plays a major role: it dominates the dynamics 
of the largest motions, a property which is well known in geophysical fluids, and which it 
is illustrated by various laboratory experiments (see Hopfinger et al. 1982). Those large- 
scale motions will remain horizontal and two-dimensional, and they may also take the 
form of inertial waves; in any case, they will not contribute to the turbulent transport 
in the vertical direction. However, those large-scale motions have a very large Reynolds 
number and therefore they cannot dissipate the kinetic energy which is fed into them 
by the shear instability. We are thus led to the conjecture that they must couple with 
small-scale, turbulent motions which are liable to viscous friction. If some conditions 
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are met, those smaller eddies have a turn-over rate which is larger than the rotation 
frequency, and therefore they are not dominated by the Coriolis force; we may thus 
assume that  they are three-dimensional, and that  they obey the Kolmogorov law (see 
Landau and Lifshitz 1987). When it exists, this three-dimensionM tail of the turbulence 
starts at the scale which verifies both and 

u'le'  ~ ~ and (u')alt '  ,-~ ¢,;  (11) 

it follows that  the vertical turbulent diffusivity is given by 

Dv ~ u ' f '  ~ ¢ , / ~ 2 .  (12) 

Of course, when Dv < ~, there are no three-dimensional motions, and the vertical 
diffusion reduces to the microscopic one (which is of the order of the kinematic viscosity 
t,). 

The buoyancy is the other restoring force which is always present in a star, but 
it operates here only in a vertical gradient of molecular weight, since the temperature 
perturbations associated with those turbulent motions are completely smoothed out by 
radiative damping. Such a #-gradient will inhibit three-dimensionM turbulence for the 
eddies whose turn-over rate is less than the residual buoyancy frequency (eq. 4) 

u/g < N~,, (13) 

and it will suppress it entirely when (see Zahn 1983) 

(N,)  = > ¢t/~'.  (14) 

A rather small gradient of molecular weight is thus sufficient to prevent turbulent 
diffusion in the vertical direction, such as that  due to the varying composition of atte 
in the Sun. 

So far we have focused our attention on the vertical transport  which can be 
accomplished through turbulent motions. Another possibility exists, namely transport 
by waves, as discussed by E. Knobloch in this volume. Such waves are probably emitted 
by the shear instabilities, as has been already mentioned, but they are also due to other 
mechanisms (coupling with convective motions, for instance). One interesting property 
of transport by waves is that  it can ensure the redistribution of angular momentum in a 
star without affecting its chemical composition. Indeed, waves may traverse regions in 
which there is no turbulent mixing; for instance, isothermal gravity waves propagate in a 
region of stable #-stratification which, as we have just seen~ does not allow for turbulent 
diffusion (Zahn 1989). This could explain why the particle transport occurs on a much 
smaller rate than the momentum transport,  as was pointed out by Poinsonneault et 
al. (1988). This whole subject of transport by waves is still in infancy, but it appears 
extremely promising. 
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4. O n e  p o s s i b l e  cause-  m e r i d i o n a l  c i r c u l a t i o n  

Let us come back to turbulent  diffusion, whose efficiency, as we have seen, mainly 
depends on the injection rate ¢t of the turbulent  energy. An obvious source of such 
energy in a radiative stellar interior is the kinetic energy of differential rotat ion,  which 
can be easily released through the shear instabilities that  have been discussed. Tha t  
differential rotat ion can be due to several causes: the contraction or expansion of the 
star during its evolution; angular momentum loss through a wind; the presence of a 
differentially rotat ing convection zone, which induces an Ekman circulation; thermally 
driven meridional circulation; even t ida l  braking in a binary star. The  case we shall 
treat  here is that  of differential rotation induced by a meridional circulation U.  

Such a circulation advects angular momentum,  according to 

-0-0 (s2~) + U .  V (s212) = F, (15) 
Ot 

where F is the torque exerted per unit mass by the turbulent  motions (as before, s is the 
distance to the rotat ion axis). Likewise, we may describe the evolution of the rotat ional  
kinetic energy: 

0 1 (s12)2 + a U . V  (s2•) = ~ F. (16) 
Ot 2 

In a s tat ionary state, the advection of kinetic energy is balanced by the work done 
by the turbulent  torque, and this is precisely the quanti ty that  we wish to determine,  
namely the injection rate of kinetic energy into the turbulence. Splitting the angular 
velocity into its mean component (over a level surface) and the horizontal differential 
rotat ion ~ ( r ,  0) (r being the mean radius and 0 the colatitude),  we obtain the following 
expression for the turbulent  energy input,  averaged over a the whole horizontal layer 
(Zahn 1987): 

/01 st(r)  = - 6a( r ,  0) U .  V ( a  sin ~ 0) d(cos 0). (17) 

To proceed further,  one needs a prescription to determine the strength of the 
horizontal differential rotat ion ~f~. This is presently the weakest point of the theory, 
for we do not know what actually governs the distribution of angular momen tum over 
a level surface ( turbulent  diffusion or t ransport  by waves?). In the meanwhile, all we 
can do is to assert ~f~ = - C  f~0 P2(cos 0), introducing a parameter  C which we may 
calibrate by comparing with the observations. Replacing the circulation velocity U by 
its actual value, it is then possible to give an estimate of the energy generation rate et 
and of the vertical diffusivity D~. 

For the Eddington-Sweet circulation, those quantities may be crudely approximated 
by 

L ( a 2 R s )  2 a2R 3 
~t - -  ( 1 8 )  et ~ C - ~ \ G M  ] and Dv - ~ 2  "~ C < K >  G M  ' 

where < K >--  L R 3 / G M  2 is the mean thermal  conductivity of the star. 
Turbulent  viscosity thus operates on a timescale which is of the same order as that  

of the Eddington-Sweet circulation, which implies that  the large scale advection will be 
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affected by that turbulent diffusion. (That value of Dv given above must be considered 
as a rough estimate; in fact, it varies with depth and depends strongly on the rotation 
law.) 

Note that the turbulent diffusivity scales as the square of the rotational velocity; if it 
is indeed responsible for the transport of chemicals, the observations should reflect that 
dependence on the rotation of the star. When taking the coefficient C of order unity, 
Dv appears to have the magnitude of what is required to interpret the depletion of Li in 
solar-like stars (Baglin et al. 1985, Vauclair 1988); it may also explain the abundance 
of Li observed in the old halo stars (Vauclair 1988). 

The turbulent transport associated with the Ekman circulation below the convection 
zone has not been thoroughly examined so far. The velocity of that circulation depends 
on the turbulent viscosity within the boundary layer in which the rotation adjusts itself 
to that imposed by the convective stresses. It is thus crucial to determine whether 
this circulation penetrates into the convection zone, as was assumed by Bretherton and 
Spiegel (1968), where it would experience a very high diffusivity. If this is not the case, 
the turbulence is due to the instability caused by the vertical shear, and the diffusivity 
takes a much smaller value. Another question to settle is that of the vertical extent 
of the circulation, a question which has been also examined by Spiegel (1987). Until 
those uncertainties are cleared, it will be difficult to assess the efficiency of the Ekman 
circulation in the radiative interior. 

5. Conclus ion  

As anticipated by Evry Schatzman, turbulent diffusion appears to play a major 
role in mixing the chemical species within the radiative interior of a star; we propose 
that it is caused by the instabilities due to the ever present differential rotation. This 
transport process carries to the surface some elements which are produced in the deep 
interior, such as SHe in the Sun (Geiss et al. 1972), or 13C in the giant stars of the first 
ascending branch (Lambert et al. 1980). On the other hand, it moves fragile elements 
from the surface to a depth where they are destroyed, and it is probably responsible 
for the depletion of Li observed in solar-like stars (Boesgard 1976, Duncan 1981, Cayrel 
et al. 1984). For the same reason, it may also affect the abundance of Li in the old 
halo stars, and therefore such observations (Spite and Spite 1982) must be treated with 
caution when taken as a test for the validation of cosmological theories. Turbulent 
diffusion competes also with other processes (transport by waves, magnetic torquing) in 
distributing angular momentum within a star, and it may be suppressed by a sufficient 
gradient of molecular weight. 

The theory of that turbulence is still in a very crude state. The weakest point is our 
poor knowledge, at present, of the horizontal transport of angular momentum, which 
governs the rate at which kinetic energy is transferred from the differential rotation of 
the star into the turbulent motions. One way to progress, and to guide the theoretical 
work, is to implement the few recipes which have been derived into evolutionary models, 
and to compare the theoretical predictions with the observations. This route was taken 
by Schatzman and Maeder (1981), Baglin et al. (1985), and more recently by Vauclair 
(1988), Pinsonneault et al. (1989), and by Charbonneau and Michaud (1990). Some 
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discrepancies which have been noticed are certainly due to physical processes that have 
not been taken in account so far, such as the momentum transport by waves, or the 
effect of an Ekman circulation at the bottom of the convection zone. 

Evry Schatzman truly desserves our gratitude for opening such an exciting new field 
in the stellar structure theory! 
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W I L L  A M A G N E T I C  F I E L D  I N H I B I T  T U R B U L E N T  T R A N S P O R T ?  

H.C. Spruit 
Max Planck Institut fiir Physik und Astrophysik 

Karl-Schwarzschildstr. 1, D-8046 Garching 

I n t r o d u c t i o n  

The observed Lithium depletion of the Sun indicates the presence of some form 
of mixing below the base of the convection zone. The depth of the convection zone, 
now well measured by helioseismology (Christensen Dalsgaard et al. 1990) is 200.4 
Mm. This is about 25 Mm above the depth where Lithium burns. The weak mixing 
required to carry the Lithium in the convection zone down to this depth is plausibly 
attributed to hydrodynamic processes associated with differential rotation (Schatzman, 
1977). Measurements of the internal rotation of the sun (Brown et al. 1989) show that 
the latitude dependent rotation in the convection zone changes into a more uniform 
rotation below. The Lithium burning layer lies in the transition region. The difference 
between the polar and the equatorial rotation rate in this region may produce two 
dimensional turbulence (on equipotential surfaces). The tall of the turbulent spectrum 
at small scales would be three dimensional, and cause mixing, as described by Zahn in 
this volume. 

At the same time however, the measured internal rotation rate has a very weak 
radial gradient. To maintain such a small gradient in the presence of the solar wind 
torque acting continously on the solar surface (Schatzman, 1962) a very effective angular 
momentum transport mechanism must be present in the core. If this mechanism is 
parametrized by an effective viscosity, its value must have been about 100 times larger 
than the turbulent diffusivity indicated by the Lithium depletion (Law et al. 1984). 
The mechanism, if it is responsible for both the Lithium depletion and the low rotation 
gradient, is apparently very anisotvopic. In a stably stratified medium such as the solar 
core, anisotropic transport in the sense required is possible, as evidence in the earth 
oceans shows (e.g. Tassoul and Tassoul, 1989). The anisotropy is intimately related 
in this case with the presence of internal gravity waves (see Knobloch, this volume; 
Hopfinger, this volume). 

In addition to such purely hydrodynamic mechanisms for angular momentum trans- 
port, a very natural mechanism is the torque exerted by a weak magnetic field. Only a 
field of the order of 1 Gauss is required. Such a weak field is for all practical purposes 
unobservable by means other than their effect on the internal rotation, so that one 
must rely on theoretical arguments about its likely strength and configuration. In the 
following, I review the relatively simple arguments that have been made so far. They 
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indicate that  a field strength of 1G or higher is quite plausible. Such a field may start  
interfering with hydrodynamic processes, so that  the question arises whether the mix- 
ing below the convection zone must be t reated as a hydrodynamic  or as an essentially 
magnetohydrodynamic problem. 

V i s i b i l i t y  a t  t h e  s u r f a c e  o f  a f ield in t h e  co re  

A convectively driven dynamo process maintains a field in the lower part  of the 
convection zone. Somewhat indirect plausiblity arguments give it a strength of the 
order 104 G, in a layer with thickness of the order 10 Mm near the base (the product  of 
these quantities being constrained by observations at the surface). If a field unrelated to 
this dynamo process were present in the core and if it were to penetra te  the convection 
zone, it would cause an asymmetry  between consecutive activity cycles because the 
polari ty of the dynamo generated field changes between cycles. Such an asymmetry  is 
known to exist. Unfortunately,  there are also processes internal to the activity cycle 
that  can cause such an asymmetry,  such as the ubiquitous period doubling occuring in 
dynamic systems, so that  this observation can not be used. Theoretical  considerations 
of the interaction of magnetic fields with convection favor the idea that  an external 
magnetic field would be expelled by the convection zone (Parker, 1963; Drobyshevskii 
and Yuferev, 1974; Galloway and Weiss, 1981; Vainshtein et al. 1972). The field in 
the core could then be up to 104 G (the value at which its energy density becomes 
comparable with the kinetic energy density in the convection zone) without showing up 
at the surface, 

By analogy with the many known magnetic A stars (sharing many properties with 
the solar core) the core might have a strong field, up to several kG. A significant differ- 
ence between the A stars and the sun however is that  the A stars have a convective core 
which the sun does not. Since it is still possible that  the field of the magnetic A-stars is 
generated by a dynamo process in their convective cores, this makes the A star model 
of unreliable applicability. 

E f f ec t  o f  t h e  f ie ld  on  h y d r o d y n a m i c  p r o c e s s e s  

The magnetic field starts interfering with a hydrodynamic  process when the mag- 
netic energy density becomes comparable with the kinetic energy of the process in the 
absence of a field. This is equivalent to the Alfv@n speed being of the same order as the 
flow speed. Since the magnetic effects are very anisotropic however, it pays to be a bit 
more precise about  this. Consider two kinds of flow. In the first, the flow in a plane 
perpendicular  to the field lines is purely compressive (curl free), in the second purely 
rotat ional  (divergence free). A general flow can be decomposed into these two kinds. 
In bo th  cases we construct the flow parallel to the field such that  the divergence of 
the full three dimensional flow is zero, because we have applications in mind where the 
magnetic energy density is small compared with the gas pressure. We assume length 
scales for the flow field L± perpendicular  to the field and LII parallel to the field. For 
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a small displacement ~ in the direction of the flow the change in the field is, in the 
first (curl free) case, of the order ~B = Bo~±/L±. The change in magnetic energy is 
gE,~ = 1/2(~±/L±)2B~/87r. The kinetic energy is Ek = 1/2p(v~ + v~). The  magnetic 
field starts interfering with a displacement of the amplitude chosen when ~Em > Ek. 
Since the flow is incompressible, vii/v± = L II/L±, so that  this inequality yields 

VA > v±(L ~, + L~)1/2/~± 

For overturning motions (but not for, say, waves), the displacement ~ in one correlation 
time is of the order (L±,  LII), so that  magnetic stabilisation occurs for 

vA > v, (1) 

where v = (v~ + v~) 1/2, for motions that  are curl free in a plane perpendicular  to the 

field. For curly (divergence free) motions in this plane, on the other hand,  ~E,~ = 
1/2(~±/LlI)2B2/S/r, and the same argument yields stabilization for 

VA > vLII/L±. (2) 

If the motions are roughly isotropic, both kinds of motions are affected as soon as the 
AlfvSn speed exceeds the flow speed, but (2) shows that  there is a special class of motions 
that  is less affected. These are divergence free in a plane perpendicular  to the field and 
their length scale along the field is larger than perpendicular  to the field. Tha t  is, they 
are field aligned roils. 

We conclude that  interference with hydrodynamic  processes occurs when the AlfvSn 
speed exceeds the flow speed. Its first effect is that  it tries to force the motions into 
a pat tern  of field-aligned roils. This behavior is well known also from a number  of 
hydromagnetic  stability problems (Chandrasekhar,  1961). 

In order to find out more about the possible field strengths in the core, we now 
consider some theoretical considerations. 

T h e  m a g n e t i c  t o r q u e  

The spindown rate ~ of the core is related to the radial and azimuthal  field com- 
ponents at its surface by 

471" _ 2 
(sin 2 0 BcB~) = - - ~ k  p ~ r 2, (3) 

where the gyration constant k 2 is related to the moment  of inertia I by I = k2Mr 2, 
and the brackets denote average over the core's surface. If the cause of the corotation 
of the core with the solar surface is indeed a magnetic field, the present spindown rate,  

= 3 10 -6 s - l / 3  109 yr, implies 

(BOB,.> 1/2 ~ 1G. (4) 

The absolute value of a field satisfying (4) has a minimum when B¢ and B .  are the 
same and of the order 1G. Is a field of this magni tude plausible? To find out,  we need 



154 

to consider the processes that  have evolved the field from its initial state when the sun 
was formed to the present. In the following I discuss the effects thought to be relevant 
in order of increasing complication. For earlier reviews, see Mestel (1984), Mestel and 
Moss, (1977), Mestel and Weiss (1987). 

T i m e  scales  

The magnetic evolution is determined by two time scales, the AlfvSn travel t ime 

n (4~p)1/2 (5) tA ~ n / v A  = 

where R is the radius of the core, p a typical value of the density. With R = 5 101° cm, 
p = 1 g c m  -3, t A ~ 1.5 101°/B s. The magnetic diffusion t ime scale is 

td = L2/~?, 

where r/is the diffusivity, and L the length scale on which the field changes. For L = R,  
q ~ 104 cm2s -1, this is of the order of the age of the present sun. Since several other 
processes work on shorter t ime scales, I leave out magnetic diffusion first. Processes that  
create small length scales in the magnetic field~ such that  diffusion can not be ignored 
also exist; these will be considered further on. 

If the magnetic field is not in mechanical equilibrium, or if its equilibrium is unsta- 
ble, the field will change into a different configuration on the AlfvSn time scale. This 
may be compared with some of the Sun's other internal t ime scales. The dynamical 
time scale: 

to ~ ( a M ® / - n ~ )  -~/~ ~ 2 10% (6) 

the rotat ion period: 

the spindown time scale: 

t~ = 27r/~ ~ 2 106s, (7) 

ts ~ t® ~ 1017s. 

The magnetic time scale (5) is of the order of the dynamical t ime scale for a field of the 
order 10 s G. Such a field has a significant effect on the s tructure of the sun, so that  it 
would be visible in the frequencies of the solar p-modes. Upper limits on such structure 
effects are known (Dziembowski and Goode, 1990); they exclude a field as high as this. 
A field of 3 10 s G has an Alfv6n time scale of the order of the rotat ion period. It 
would cause changes in the p-mode frequencies of the order of the rotational splitting. 
Magnetic effects of this magnitude may be observable in the near future (Dziembowski 
and Goode, 1990). A field that  is just strong enough to keep the core corotating with 
the surface under the action of the solar wind torque, must satisfy (3). If the radial and 
azimuthal field components are of the same order of magnitude,  this implies that  

~ ( 8 )  

which happens at B ~ 1G. Finally, a field for which the Alfv6n time scale is equal to 
the spindown time is of the order B ,-~ I#G.  
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E v o l u t i o n  o f  a w e a k  f ield by  d i f f e r e n t i a l  r o t a t i o n  

We first consider the case when no external torque is present; this tells us how a field 
might reduce an initial nonuniform rotation. As an example, suppose that  the initial 
field is axisymmetric about  the rotat ion axis, and purely poloidal (azimuthal component  
zero). The rotat ion is nonuniform, with a characteristic difference in rotat ion rate A ~  
across the core. Since the field lines are frozen in (the magnetic diffusion time being 
long), the differential rotat ion winds the poloidal field up in the azimuthal  direction, 
creating a Be component 

Be ~ BptAQ (9) 

We now make an essential simplification by assuming that  the poloidal component  
of the field does not change in time (for deviations from this see 'instabilities'  below). 
Under this (somewhat restrictive) assumption, the field evolution can be calculated in 
some detail. 

Initially, the internal torques are zero because Be is zero. As Be increases, a torque 
builds up that  resists further  winding up of the field. Be and this torque (proport ional  
to BeBp) both increase linearly with t A ~ ,  the number  of 'differential '  rotations.  The 
torque therefore causes the motion to oscillate harmonically, periodically reversing the 
differential rotat ion on a time scale 

n (4~p)1/2 ' (10) t a p  = R / y A p  = 

the Alfvdn time based on the poloidal component of the field. This period is of the order 
of the age of the sun for an initial field of I#G.  Since the initial field is likely to be much 
higher than this (see below), the differential rotat ion will execute many oscillations. In 
this case, a strong damping of the oscillations by 'phase mixing' takes place. 

D a m p i n g  o f  m a g n e t i c  o sc i l l a t i ons  

Since the initial state assumed above was axisymmetric,  each of the poloidal field 
lines corresponds to an axisymmetric magnetic surface (a continuous surface everywhere 
parallel to the field). The oscillation can be seen as an Alfv6n wave traveling on this 
surface. The energy propagates parallel to this surface, so that  there is no coupling 
between adjacent magnetic surfaces. Since the Alf~n speed varies through the star,  the 
oscillation period defined loosely by (10) is in fact different for each magnetic surface. 
Adjacent surfaces therefore get out of phase after several periods, and the magnetic field 
becomes inhomogeneous across the surfaces on a length scale that  decreases inversely 
proport ional  with time. Magnetic diffusion, even if negligible on the scale of the core, 
will therefore become dominant after a finite amount  of time. Damping of waves by this 
process is called 'phase mixing' or 'Landau damping' .  For references and an application 
to the solar corona see Heyvaerts and Priest (1983). 

Assume that  tap varies by a factor of order unity between magnetic surfaces, across 
the core. Then two surfaces separated by a distance L will be out of phase by half a 
period after a number  n of periods of the order n = R/L. Resistive damping becomes 
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effective in one period when the Alfv6n time scale is of the order of the diffusive t ime 
on the scale L: 

L2/r/~ R/vAp. 
With this value for L, we find that  diffusion damps the oscillation after n = (R VAp/TI) 1/2 
periods, corresponding to a damping time of 

tdamp~g = ( n~/~ yap) 1/2. (11) 

For a poloidal field of 1 G this is only 107 yrs, and one would expect any differential 
rotat ion in the core to be damped on this time scale. Calculations of the damping 
process have been made by Roxburgh (1987). 

N o n a x i s y m m e t r i c  initial  field 

We write the field as a superposition of two parts,  B = B0 + B1 such that  Bo 
is the m = 0 component  in a Fourier expansion in the azimuthal angle ¢, and Bz the 
rest. Hence B0 is axisymmetric,  and the azimuthal average of Bx is zero. The dynamic 
response of this field to the differential rotat ion is too complicated, but  if the problem is 
considered in the kinematic limit, that  is for fields that  are weak enough that  the Lorentz 
force can be ignored, the evolution of the field becomes tractable. Following Rgdler 
(1983), and Zeldovich et al. (1985) we note that  because of the kinematic assumption, 
the induction equation is linear in B,  so that  it is sufficient to consider the evolution 
of Bo and Bx separately. Since Bo is axisymmetric,  it does not change in time. The 
gradient in ~2 however winds Bz up such that  it develops ever decreasing length scales in 
the direction of Vf~. As in the phase mixing problem considered before, finite resistivity 
will become effective on these small length scales after a finite time, and thereafter the 
Bx decays rapidly to its azimuthal average, which is zero. Thus, this kinematic process 
smoothes the initial field to an axisymmetric field. The t ime scale for this to happen is 
the same as (10) but  with 1/Af~ replacing the Alfv6n travel t ime tA: 

t,moo,h = (n2/  n)  i/2. (12) 

For ~12 of the order of the present rotat ion rate, this t ime scale is only 104 yr. If the 
initial field is weak enough such that  the Lorentz force is still negligible after t~mooth, 
the evolution of the entire field is simple: first there is a phase in which the field is 
smoothened to an axisymmetric state, then the differential rotat ion acting on this will 
follow the evolution sketched in the previous section. This second phase removes the 
azimuthal component  of B0,  leaving ollly its poloidal part .  Hence what is left after both  
processes is a uniform rotation and an axisymmetric poloidal field. 

Closed  field l ines 

In the simple picture sketched above, we have implicitly assumed that  all field lines 
cross the surface of the core. If this is not the case, i.e. if there are closed field lines 
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inside the core, then the final state, under the assumptions made is not necessarily one of 
uniform rotation. In this case (cf. Roxburgh, 1963; Mestel and Weiss, 1987) the rotation 
in the final state only has to be constant on each of the closed field lines (Ferraro's law 
of isorotation). Only the volume traced by the field lines that cross the surface would 
then corotate with the surface. If all field lines cross the surface and this surface is 
assumed to rotate uniformly, the end result would be uniform rotation throughout the 
core. 

The sp indown  p r o b l e m  

In the preceding sections, we have ignored an external torque o n  the star, and 
considered only the evolution following an initial nonuniform distribution of the rotation 
rate. Adding a stellar wind torque does not change the problem fundamentally if the 
spindown time scale is much longer than the time scales tdamping and tsmooth. The 
processes described are then shortlived transients set up by the initial conditions, the 
final state is a slowly evolving configuration of nearly uniform rotation (with the caveat 
outlined in the previous paragraph), with an axisymmetric field for which the torque 
balance relation (3) holds. 

Strength of  the initial field 

The simple picture above required, among other things, that the initial field be 
weak enough, so that the initial evolution of the field can be calculated kinematically. 
How likely is this to be the case? To find out, the process of star formation itself must be 
considered. Present observational evidence (e.g. Shu et al. 1987) shows that in the final 
stage of star formation, the protostar is surrounded by a disk from which it accretes 
and continues to grow. A remnant of the magnetic field of the protostellar cloud is 
still embedded in this disk, and is carried in with the gas. This compresses the field so 
that close to the star it must become dynamically important and resists being further 
amplification by inward advection. In this state there is a balance between radially 
outward drift of the field under the influence of its Lorentz forces and inward advection. 
For a given accretion rate, the field strength at the protostellar surface can be calculated 
from this balance. For accretion at a rate of 10 -5 M® yr -1 (believed to be realistic 
for the main accretion phase) it turns out to be of the order 103 G. We conclude that 
rather strong initial fields, much above the one Gauss level, may well be realistic. 

Instabilities 

Another assumption made above is that only the Lorentz force in the azimuthal 
direction needs to be considered. This component then determines the evolution of the 
internal rotation. In reality, the components in the meridional plane may be equally 
important. These would give rise to motions the meridional plane in addition to the 
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pure rotat ion,  and would change the field in much more complicated ways. No a t tempt  
has been made so far to describe such a situation realistically. Even if the initial state 
is one in which the field is perfectly in equilibrium so that  there are no flows in r and 0 
directions, this equilibrium need not be stable. 

Large classes of field configurations in a star are known to be dynamically unstable. 
For example, all purely poloidal fields are dynamically unstable (so that  they would 
change significantly on the Alfv6n travel time) in the absence of rotat ion (Wright, 1973; 
Tayler, 1980; Flowers and Ruderman,  1977; Goossens et al. 1986). Also all purely 
toroidal (azimuthal) fields are dynamically unstable without rotat ion (Goossens and 
Tayler, 1980; Van Assche et al. 1982). Purely toroidai fields are probably also unstable 
in the presence of uniform rotat ion (Pitts  and Tayler, 1985). Since the Alfv6n travel 
t ime is so short for the kind of fields (1G and up) considered here, the issue of stability is 
in fact crucial both  for the state of rotation and for the nature  of the field configuration 
to be expected in the core. The effects of a dynamic instability would be so severe that  
none of the scenario sketched above would be relevant. 

At present, not enough is known about the stability problem to make much progress. 
From the stability results so far, all indicating instability, one might guess that  instability 
is the rule, and that  the interaction of the field with rotat ion takes place in the presence 
of a continuous dynamic instability. This view is biased however, as pointed out by 
Moffat at this meeting. The unstable fields found are all fields without magnetic helicity 
(the integral of A • B over the volume, where A is the vector potential  of B)  because 
they have either a poloidai or a toroidal component but not both.  It was pointed out 
already by Mestel and Moss (1977) that a dynamically stable field configuration most 
likely has both  toroidal and poloidal components of roughly equal strength. In terms of 
the helicity, this can be formulated as follows. In the absence of magnetic diffusion, the 
magnetic helicity of a field confined in some closed volume is constant in time (Woltjer, 
1958). Thus if the initial equilibrium has a finite helicity, its conservation implies that  
among all the configurations that  can be reached from it by ideal displacements (without 
magnetic diffusion or reconnection) there is a non vanishing field with a finite minimum 
energy, which is therefore also a stable configuration. For more on the magnetic helicity 
constraint see Berger, 1988. 

Such stable, linked poloidai- toroidal configurations have not been found yet be- 
cause of the limitations of analytical methods in constructing magnetic equilibria. But 
knowing that  they exist from the helicity argument,  it may be worth trying to construct 
them by numerical means. In any case it would be psychologically very important  to 
have at least one example of a stable magnetic equilibrium in an idealized (say, poly- 
tropic) star. 

E v o l u t i o n  w i t h  i n s t a b i l i t i e s  

In this section we follow the consequences of a drastic assumption, namely that  
the field is permanent ly  dynamically unstable, evolving on an Alfv6n time scgle (see 
also Spruit,  1987). For example, because it might turn out that  stable equilibria would 
be rare so that  most stars miss them in their evolution, or because over the life of the 
sun magnetic diffusion is still significant, so that  Woltjer's theorem would not apply. 
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We ignore the geometrical properties of the field and model the instability by a simple 
exponential decay at a rate equal to the time scale of dynamical instability. These as- 
sumptions most likely overestimate the rate at which the field decays due to instabilities, 
so that the field strengths found by this line of reasoning will be lower limits. 

In the absence of rotation the time scale of dynamical instability is just the Alfv~n 
travel time (5). If the rotation period is less than this time scale, Coriolis forces can 
not be neglected, and the growth time of the instability is lengthened by a factor of 
the order ~tA (see Pitts and Tayler, 1985 for examples). This is because the dominant 
Coriolis force requires the flow developing in the instability to be mainly perpendicular 
to the direction of the magnetic force, so that much less energy is extracted from the 
driving force than in the absence of rotation. With this estimate of the growth time, 
a field that survives in the core until time t must have an instability time scale of the 
order t or longer: 

tA(~tA)  > t or tA > (fit) 1/~. 

Since at any time t the spindown time scale of the star is of the same order as its 
age, this estimate is equivalent to (8). The field strength corresponding to this, as 
discussed above, is also just the value required to keep the core corotating with the 
surface, and the torque balance equation (3) shows that the radial and azimutal field 
strengths are of similar magnitude for such a field. For the present sun, the permanent 
instability scenario therefore yields a field strength on the order of 1G, with the poloidal 
and azimuthal components of similar strength. This statement is rather coarse, since 
it neglects almost all the geometrical properties of the field, which are likely to play a 
significant role. Also, it is a lower limit to the field strength to be expected if stable 
field configurations exist into which the evolution of the configuration can get trapped. 

In te r fe rence  wi th  mixing:  an example  

As an example of the kind of turbulence to be expected, we consider Zahn's cir- 
culation driven turbulence (see Zahn, this volume). In this scheme, twodimensional 
turbulence on equipotential (horizontal) surfaces has a tail of threedimensional motions 
at small scales. For mixing, the most important motions are those whose length scale 
is just at the transition between threedimensional and twodimensional flow. At this 
length, the velocity amplitude is 

where et is the energy input into the turbulence per gram per second, and f~ the rotation 
rate. For driving by the Eddington- Sweet- Vogt circulation this is: 

f~ R 
ua = ~ R (rKHa)- l /2--~ (~)1/2,  (13) 

where N and H are the buoyancy frequency and the pressure scale height in the core, 
and rKH its Kelvin-Helmholtz time scale. Thus for the magnetic field to start interfering 
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with this process we must have 

fl R 1/2 B > Bc = (4~rp)1/2~ R(rKH~2)I/2--~ (-~) • 

For the present sun, p ~ 1, ~ ~ 3 10 -6 , rKH ~ 3 1014 , N ~ 10 -3 , R ,-~ 5 10 l°, 
H ~ 5 10 9 (cgs), so that Bc ~ 0.1 G. 

B o t t o m  line 

We conclude that under pessimistic assumptions about the stability of magnetic 
fields, the field strength in the present core is expected to be at least 1G. Such field 
strengths are sufficient to start interfering with the hydrodynamic mixing processes 
proposed. We may therefore be forced to consider the Lithium mixing problem as an 
intrinsically magnetohydrodynamic problem. 
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Abs t r ac t .  Dynamo action is the process by which kinetic energy is systematically 
converted to magnetic energy in electrically conducting fluids. This process may occur 
on a resistive time-scale (i.e. with a growth rate that tends to zero as the magnetic 
resistivity of the medium tends to zero) in which case the dynamo is described as "slow"; 
or it may occur on the convective time-scale, in which case the dynamo is described 
as "fast". The conventional description of the solar dynamo (an aw dynamo in the 
terminology of mean-field electrodynamics) places it in the "fast" category, because 
the usual expressions for the regeneration parameter a and the turbulent resistivity 
/3 are both independent of molecular diffusivity ~ under the conditions obtained deep 
down in the solar convection zone. Current attempts to construct fast dynamos, and to 
understand their detailed structure, are therefore of critical importance in the context 
of solar magnetism. 

It has been shown (Moffatt and Proctor, 1985) that in a fast dynamo, the length- 

scale of the magnetic field is necessarily nearly everywhere a factor of R~n 1/2 smaller 
than the length-scale of the underlying convection process. In the case of the sun, with 
a magnetic Reynolds number Rm of order 104, this implies that the scale of the magnetic 
field that is generated may be as small as 10kin, a result that is not incompatible with 
observation. 

The dynamo process being turbulent, it remains of the greatest importance to have a 
reliable theory for determination of the parameter a and/~ in the limit of large magnetic 
Reynolds number. A renormalisation group procedure involving repeated averaging over 
successively increasing length scales (as described by Moffatt, 1983) seems to offer the 
best hope. In this theory, molecular diffusivity is important in the early stages of 
averaging, but becomes less important as the process is repeated, and the ultimate 
values of a and fl are quite independent of 77. 

These problems are discussed, and some of the outstanding difficulties in the 
understanding of fast dynamos are identified. 
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It has been already shown in several papers that a mild turbulent mixing is needed to 
explain the trend of the variation with effective temperature of the Lithium abundances 
in young clusters (see for instance Baglin et al. 1985, Schatzman 1981). Though a 
general qualitative agreement is possible, many uncertainties remain due essentially to 
our uncomplete knowledge of the different parameters entering the modelisation (Baglin 
and Lebreton 1990). However, in the case of the G and K stars of the Hyades observed 
by Cayrel et al. (1984), we will show here that some constraints can be derived for the 
turbulent diffusion coefficient. 

1. M o d e l i s a t i o n  o f  the  Hyades  ma in  sequence  

To study the lithium depletion in the Hyades, models of zero age main sequence 
(ZAMS) are sufficient for two main reasons. First, the age dependence of the lithium 
abundance, easily seen when comparing clusters of different ages implies that the 
influence of the pre-main sequence is very small. Second, the Hyades are quite young (6 
to 7 l0 s years), so that the evolution during the main sequence around one solar mass 
has not changed the structure of the model. 

The observational main sequence is well defined, as well as the rotation curve (Fig 
1). However, the distance remains uncertain within 15 to 20%, i.e. between 40 and 
47 parsecs. Spectroscopic determinations of the abundances lead to a metal content 
somewhat higher than the sun [Fe/H]~0.14, which means Z~0.03 instead of 0.02. Some 
authors have also proposed a low value of the helium content Y, i.e. a large quantity of 
hydrogen X (StrSmgren et al., 1982). 
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In the HR diagram, the fitting of the models remains controversial as several 
parameters  are not known and others are measured with a low accuracy. Fig. 2 shows 
the influence of these parameters  on the position of the ZAMS, using some improved 
physical data: the last version of the Los Alamos Opacity Library, complemented by a 
low tempera ture  part  including molecular effects for the opacities. The net of nuclear 
reactions, and the t rea tment  of the degeneracy of the equation of state are quite coarse, 
but  we have checked that  in this mass range they introduce differences in the models 
much smaller than the observational uncertainties. Assuming that  the calibration of 
the mixing length obtained for the Sun is valid also for the Hyades (this means that  the 
convection properties are somehow independent of age and chemical composition), the 
(Z--0.02 X=0.68) set of models represents quite correctly the observations. The Z=0.03 
sequence looks too luminous and is shifted in mass by approximately 0.1 M® ; this 
effect could then be compensated by a very small value of the distance, or an extremely 
large value of the mixing length parameter  a,  or a larger value of Y, hypothesis which 
all seem very unprobable.  The presence of l i thium in the coolest objects at logTe--3.71 
as observed by Cayrel et al. (1984) can be used to favor some combination of these 
parameters.  To survive at the age of the ttyades, superficial l i thium has to be protected 
from the layer where it burns, i.e. around 2.7 106 K. The convective zone has then to 
be shallow enough to disconnect the surface material  from this burning region. The 
s tructure of several models which occupy the low tempera ture  end of the sequence is 
given in Table 1, where a has been kept constant; Tzc  is the tempera ture  at the bo t tom 
of the convective zone. 

Table 1. Characteristics of the different ZAMS models at the low temperature  end 

model mass Z X log L log Te Tzc(IO6K) 

1 1.0 0.03 0.68 -.238 3.725 2.6 
2 0.9 0.02 0.68 -.300 3.724 2.34 
3 0.9 0.03 0.64 -.349 3.715 2.74 
4 1.0 0.02 0.73 -.217 3.726 2.24 
5 1.1 0.03 0.73 -.168 3.768 2.62 

It is well known (see i.e. Cayrel 1981) that  looking only at the global parameters  L 
and Te, an increase of the metal  content can be compensated by an increase of the mass 
(models 1 and 2, or 4 and 5); an increase of the metallicity can also be compensated 
by a decrease of the hydrogen content X, i.e. an increase of the helium content Y. But,  
as seen on Table 1, the tempera ture  at the bo t tom of the convective zone decreases 
when X increases and Z decreases. Models with a high value of Z, as indicated by the 
observations, would have a high tempera ture  Tcz  at the bot tom of the convective zone, 
and l i thium would be unable to survive. If our modelisation is correct (in part icu |ar  the 
opacities) such a composition should then be excluded. A compensation of the effect of 
Z can be obtained by an increase of X, i.e. a decrease of Y, as proposed by Strhmgren et 
al. (1982). But this chemical composition leads to very luminous models as compared 
to the observations even taking into account the uncertainty on the distance. Then the 
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mode l s  which  c o r r e s p o n d  to the  bes t  fit of t he  l u m i n o s i t y  a n d  of t he  ex t ens ion  of t he  
convect ive  zone,  seem to be  in conflict  wi th  the  obse rved  chemica l  c o m p o s i t i o n .  
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F i g u r e  1. HR diagram of the Hyades adap ted  from Cayrel (1981) and rota t ion curve from 
Stauffer (1987). Average uncertainties on L and Te are indicated in the lower left corner. 
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F i g u r e  2. Theoretical  Zero Age Main Sequences for different values of the parameters  for 
solar type stars. Masses are given in parenthesis; models with the same mass ,  the same Z 
and diWerent values of X are foined by a dot ted  line; models with Z=0.02 and X : 0 . 6 8  by a 
continuous line, models with Z=0.03 and X=0.68 by a dashed-dot ted  l ine ,  models with diferent 
values of ~ by the horizontal  line. The bold line represents the shift from Z--0.02 to Z=0.03, 
all other parameters  being the same. The dot ted  line represents the ZAMS of Lebreton et al. 
(1987) 
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2. C o n s t r a i n t s  o n  t h e  d i f f u s i o n  coef f i c ien t  

The  modelisat ion as well as the method  of resolving the diffusion equation has been 
described in Baglin et al. (1985, 1987). In the following we have chosen a set of 
pa ramete rs  ( X=0.70,  Z=0.02, c~=2.2, molecular opacities included) very close to the 
the classical solar ones as determined by Lebreton and Maeder  (1987), because they 
correspond to the best fit. Table 2 indicates the global pa ramete r s  of the zero-age 
sequence of models and the corresponding range of observed rota t ionnal  velocities. 

Table 2. Characterist ics of the models of G and K Hyades stars 

model mass log L log Te V,.o,(km/s) 

A .9 -.432 3.711 3 - 6 
B 1.0 -.284 3.742 4 - 10 
C 1.1 -.013 3.769 5 - 15 
D 1.2 .170 3.789 10 - 22 
E 1.3 .340 3.810 20 - 30 
F 1.35 .490 3.826 50 

The  dependence of the diffusion coefficient on the physical pa ramete rs  is still very 
uncertain,  though several impor tan t  steps have been achieved (see i.e. Zahn 1987, 
Vauclair 1989, Pinsonneaul t  et al. 1989). Ins tead of t rying to fit predictions of 
the surface abundance  using a given formula for the diffusion coefficient including 
different pa ramete rs  (radius, density, rotat ionnal  velocity....) to the observed Li thium 
abundances,  we ask here a somewhat  different question: what is the average value of 
this coefficient needed to reproduce the observed abundances for the G and K stars of 
the Hyades, how does it vary with mass ~.. 

Fig 3 shows this mean  value as a function of mass.  An almost  constant  value seems 
to be needed, in contradict ion with the values obtained with Zahn 's  formula. 

Fig. 4 confirms this result: the predicted abundances  of l i th ium as function of the 
effective t empera tu re  using Zahn's  coefficient are too high; the diffusion coefficient is 
too small at low tempera ture .  A constant diffusion coefficient over the entire range of 
t empera tu re  is not sufficient at the lower end either; an extension of the convective 
region corresponding to some overshooting is needed. The size P of the region of 
penetra t ion of the convective motions into the underlying radiat ive zone is mimicked 
by an overshooting pa rame te r  Or,  such that  P - - O r  * Hp where Hp is the pressure scale 
height. Fig. 5 represents the mean value of the diffusion coefficient as a function of the 
depth  of the mixing region. This result can be interpreted as follows: the influence of 
the penetra t ion at the bo t t om  of the convective zone increases as it becomes shallower. 
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F i g u r e  4. Predicted Li th ium abundances as a function of effective tempera ture  using a 
constant diffusion coefficient equal to 2500 (2) and Zahn's  one (1) compared to the observed 
values (vertical bars). Two values of the penetrat ive convection parameter  Ov, have been 
tested: Ov=0 full lines, and Or=0 .7  dot ted  lines. 
F i g u r e  5. Mean value of the diffusion coefficient (full line) compared to the Zahn values 
(dot ted  line) as a function of the depth of the mixing region measured in Hp units for differnet 
models defined in Table 2. 
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The information contained in the temperature and age dependance of the lithium 
abundances leads to severe constraints on the description of the physics of the outerlayers 
in solar type stars. At the present stage, constraints can be put on both the chemical 
composition and the behavior of the diffusion coefficient. However, some caution is 
needed as many uncertainties remain in the modelisation. More precise determinations 
of the distances (HIPPARCOS) as well as more reliable computations of the opacities 
in the 10 4 to 2 10 6 K temperature range will help. 

Acknowledgements : We would like to thank G. and R. Cayrel, E. Schatzman for fruitful 
discussions, L. Leon and F. Tran-Minh for making available in a computable form the 
Los Alamos opacity tables. 
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What can the chemical composition of stellar atmospheres tell us about transport 
processes and macroscopic motions inside the stars? 

Two different classes of mechanisms may lead to modifications of the chemical 
composition of stellar atmospheres during the star's life. 

The first one is the tandem: "nuclear reactions and macroscopic motions": the 
chemical composition is modified inside the star due to nuclear reactions, but these 
modifications do not appear at the surface unless either some transport process occurs 
in the stellar outer layers, or the star is "pealed off" by mass loss. The first case occurs, 
for example, in Red Giants where the products of the CNO cycles may be seen at the 
surface, and in cool Main-Sequence and Giant stars in which lithium is depleted. The 
second case occurs in Wolf-Rayet stars and some White Dwarfs. 

The second type of mechanisms is only possible when the stellar gas is specially 
stable against macroscopic motions: then the chemical elements may selectively diffuse 
due to non-equilibrium processes. These processes are induced by the pressure and 
temperature gradients, and the radiative tranfer. This is, for example, the reason of 
the abundance anomalies observed in the so-called Chemically Peculiar Stars. In the 
absence of macroscopic motions, the abundance variations due to selective diffusion 
could be computed without any arbitrary parameter. However macroscopic motions do 
occur in stars. They have to be introduced in the computations, with some parameters, 
the values of which are not known from hydrodynamical studies. Comparisons between 
the abundances computed in this frame and the observed abundances can thus lead 
to interesting constraints on these parameters. Considering that the abundances of all 
the elements present in a star have to be consistently matched, we may hope that the 
number of constraints exceed the number of free parameters. This is why the study of 
the chemical composition of stellar atmospheres is powerful for our understanding of 
macroscopic motions and transport processes in stars. 

I will not give a review of this very large subject. I will here only focus on two 
examples of the connexion between atmospheric abundances and transport processes in 
main sequence stars: 

-rapidly oscillating Ap stars, in relation with their chemical composition and the 
observation of helium-rich stars, 

-lithium depleted main sequence stars, and specially the problem of the "lithium 
gap" observed in young clusters. 
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1. R ap id ly  osci l lat ing Ap stars .  

The rapidly oscillating Ap stars discovered by Kurtz (1982) lie among the coolest 
magnetic chemically peculiar stars. They osciUate with periods between 4 and 15 
minutes and the amplitude of the light variations vary, at least in some of them, in 
phase with the magnetic field. These observations lead Kurtz to suggest an explanation 
of these stars in terms of an oblique pulsator model, namely non radial pulsations 
aligned with the magnetic axis, this magnetic axis itself being inclined with respect 
to the rotation axis. Since 1982, many observations have been pursued by Kurtz and 
co-workers, leading to more and more precise constraints on the periods and amplitudes 
of the pulsation modes: see for example the review by Kurtz (1985). 

Several models have been suggested to explain these pulsations : Dolez and Gough 
(1982) proposed an excitation mechanism related to the abundance anomalies which are 
observed in these stars, and which are presumably due to element segregation. They 
discussed the fact that if helium was overabundant at the magnetic poles, it could 
trigger the pulsations in the direction of the magnetic axis, and lead to unstable modes 
as observed. They fell across an apparent inconsistency, as element segregation leads to 
helium depletion at the magnetic poles while helium accumulation should be necessary 
for triggering the pulsations. Shibahashi (1983) suggested magnetic overstability at the 
poles as an excitation mechanism for the oscillations. Mathys (1985) proposed that, 
contrary to Kurtz's oblique pulsator model, the oscillations could be aligned with the 
rotation axis instead of the magnetic axis, and that the amplitude modulations could 
be due to abundance spots on the star, which would block part of the flux. None of 
these ideas lead to completely satisfactory explanations of the observations. 

Dolez and Gough (1982) suggestion has been revisited by Vauclair and Dolez (1989) 
and Dolez, Gough and Vauclair (1990), with the added hypothesis of a stellar wind 
at the magnetic poles. Helium gravitational settling in a stellar wind was invoked by 
Vauclair (1975) to account for He-rich stars, which are observed at the hot end of the 
magnetic star sequence. These 20000K to 25000K stars exhibit a helium enrichment 
by a factor 2 to 3 which cannot be explained by diffusion alone, the upward radiative 
force on helium being smaller than the downward gravitational force (see Montmerle 
and Michaud, 1976). Vauclair (1975) showed that an overall mass loss flux of order 
10-12M®.yr-1 could convect helium up to the observed layers and leave it there due to 
the larger effect of gravitational settling when helium is neutral: then the collisions are 
about 50 times less effective than when it is once ionized, and helium is no more pulled 
out by the hydrogen flux. Evidences of the occurence of outflowing winds controlled 
by large magnetic fields in chemically peculiar stars were obtained later by Barker et al 
(1982) for the He-rich star HD 184927 and by Brown, Shore and Sonnebrown (1985) for 
the CP2 star HD 21699 (B6V). IUE spectra present a blueshifted component of CIV lines 
in both of these stars. The line profiles vary with time, in phase with the magnetic field, 
as expected (see also the dicussion on the magnetically controlled winds by Casinelli 
and Lamers, 1987). Using the model developped by Castor et al (1981), Michaud et al 

(1987) deduce from these observations a mass loss rate of at least 5x10-12M®.yr -1 at 
the magnetic poles. Such a mass loss rate is too large to allow for helium separation. 
However, as this rate is reduced from the magnetic pole to the magnetic equator due to 
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the horizontal component  of the magnet ic  lines, they suggest tha t  hel ium enrichment 
occurs somewhere in between. The  same process can apply  for cooler magnet ic  s tars  
as  well.In case of helium gravi tat ional  settling in a mass loss flux, the hel ium outward 
motion may  be reversed in the region where helium becomes neutral .  However, for 
smaller effective tempera tures ,  this region lies inside the s tar  and not at the surface 
as in He-rich stars.  The outer  layers may appear  He-poor,  while hel ium accumulat ion 
occurs deeper in the star. 

Figure 1 shows the "hel ium diffusion flux" in a 1.6 M® star. This  "diffusion flux" is 
defined as the diffusion velocity multiplied by the density of the stellar gas. The  decline 
by a factor 50 from the a tmosphere  to the base of the HeI ionisation zone is due to 
the fact tha t  neutral  elements diffuse more rapidly than  ionised ones as they suffer less 
collisions. When  helium is once ionised, the diffusion flux varies like T 3/2 as expected 
f rom the diffusion theory for simple gases. A second m i n i m u m  is obta ined at the base 
of the HelI ionisation zone, followed by a s teady increase, again like T s/2, once helium 
is completely ionised. This diffusion flux can be directly compared  to the mass loss 
flux, which is represented as a horizontal line, in the plane-paral lel  approximat ion .  It  
immedia te ly  appears  that  a mass loss flux of about  5x10 -12 to 5x10-11g.cm-2.s  -1 will 
produce a helium enrichment in the layers where A M / M  (ratio of the external  mass 
to the stellar mass)  is about  10 -1°. Such a mass loss ra te  corresponds to 10 -14 to 
10-13Mo.yr  -1 ,  which is quite realistic. 
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F i g u r e  1.  H e l i u m  dif fus ion f lux  versus d e p t h  in a 1 .6 .M® star.  A M / M  refers to  the  outer  
mass  fract ion,  i.e. the ratio of  the mass  of  t i le  outer  zone  to the  to ta l  mass  o f  the  star.  VDp 
represents  the  helium diffusion velocity multiplied by the gas d e n s i t y  ( d o w n w a r d  f lux) .  T h e  
d a s h e d  l ine represents  a mass  loss flux of 2 x 10 - 1 4  M ® . y r  - 1  or 1 0 - 1 1 g . c m - 2 . s  - 1  ( u p w a r d  
flux). Such a wind leads to a helium accumulation around A M/M = 10 - l °  a n d  dep le t ion  
a b o v e  that layer. 
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In case of no turbulence helium would accumulate at this place, creating a sharp 
helium peak in the first ionisation zone, which would be of no use for triggering the 
pulsations, as the ~;-mechanism is basically effective in the second helium ionisation zone. 
However such a peak would not be stable as it would create a strong density inversion. 
The general problem of the thermohaline instability induced by helium accumulation is 
not trivial. First order computat ions show that  helium should be mixed down in a very 
short t ime scale (of the order of one year). However helium accumulation by a factor 2 or 
3 is indeed observed in the external  layers of He-rich stars, so that  it must be possible in 
spite of the presumptions of instabilities (the fact that  He-rich stars lie on the hydrogen 
main-sequence excludes that  they be helium-rich throughout) .  The  stabilisation of the 
He rich layer may be due to the presence of the magnetic field. Some partial  mixing 
must however occur, otherwise the helium accumulation would be orders of magni tude 
larger than  observed. We parametr ize turbulence below the helium peak by a turbulent  
diffusion coefficient which is constant below the helium maximum abundance and vanish 
above it to modelize the destabilizing effect of the positive #-gradient  and the stabilizing 
effect of the negative one. 
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Figure  2. Examples of helium abundance profiles obtained at the magnetic poles and the 
magnetic equator of a 1.6 M® star, with a mass loss flux of 2 x 10-14M®.yr -1 and a turbulent 
diffusion coefficient below the peak of 10Scm2.s -1. (after Dolez and Vauclair, 1989). 

Figure 2a shows the helium accumulation which can be expected in the helium 
ionisation zones of the polar regions with a turbulent  diffusion coefficient of 10 5 below 
the helium peak. Overabundances by factors 2 or 3 can be obtained in this case as 
well as in helium rich stars. Meanwhile helium fails below the convection zone in the 
equatorial  regions (figure 2b). The  large helium peak obtained in the first helium 
ionisation zone does not trigger the pulsations. However the small increase (by a factor 
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of about  1.2) which remains in the second helium ionisation is enough to destabilize the 
star in this region (figure 3). It is thus possible to account for non spherically symetric 
pulsations in Ap stars due to the non spherically symetric chemical composition. More 
computat ions are needed however to do quanti tat ive comparisons between observed and 
computed modes. In any case the observational evidences o f  helium rich layers in stars 
give constraints on the efficiency of thermohaline convection in a vertical magnetic field. 
It would be interesting to study this problem in more details from a hydrodynamical  
viewpoint. 
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Figure  3. Examples of energy curves inside a 1.6 M® star for three different modes, obtained 
with the profiles shown on figure 2: an unstable mode at the magnetic' poh (top), a stable mode 
at the magnetic pole (middle), and a stable mode at the equator (bottom). (computations by 
Dolez and Vauclair, 1989). 
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2. L i t h i u m  dep le ted  main-sequence  stars .  

The "lithium gap" observed in the Hyades and other galactic clusters by Ann 
Boesgaard and her collaborators, and confirmed by several authors (Boesgaard and 
Tripicco, 1986; see also the review of the observations by Charbonneau and Michaud, 
1988), gives a challenge to theoreticians. At the present time, three different 
explanations have been given for this gap. 

Michaud (1986) proposed to explain this gap by selective lithium diffusion. In G 
type stars, the convection zone is too deep for gravitationnal settling to take place: the 
density at the bottom of the convection zone is so large that the diffusion time scale 
exceeds the age of the star. Increasing the effective temperature leads to a decrease of 
the convection zone, and consequently to a decrease of the diffusion time scale. In F 
stars it becomes smaller than the stellar age, leading to a lithium abundance decrease 
as observed. When the convection zone is shallow enough, the radiative acceleration on 
lithium becomes important as lithium is in the hydrogenic form of LiIII (while it is a bare 
nucleus, LrmiIV, deeper in the star. This radiative acceleration may prevent lithium 
settling for hotter F stars. However it would lead to significant lithium overabundance 
in early F stars, which is not observed. Michaud (1986) suggests that mass loss can then 
prevent this lithium accumulation. Another difficuly with this model is that it needs 
a stable gas below the convection zone, while turbulence is needed to account for the 
lithium decrease in G stars (see, for example, Baglin et al, 1985; Cayrel et al, 1984). 

Other explanations of the lithium gap, in terms of mixing and nuclear destruction, 
have been suggested by Vauclair (1987, 1988) and Charbonneau and Michaud (1988). 
These explanations followed a remark by Boesgaard (private communication), who 
pointed out that the lithium gap occurs just in the region (in effective temperature) 
where the stellar rotational velocities increase. Vauclair (1988) treated the rotational 
mixing in the frame of Zahn (1987) theory of instabities induced by meridional 
circulation. Assuming that the stars in the Hyades have always rotated with their 
present rotational velocity, the lithium decrease on the red side of the gap is well 
reproduced in the right time scale (figure 4). Charbonneau and Michaud (1988) obtained 
similar results within the frame of the Tassoul and Tassoul (1982) theory of meridional 
circulation. 

The assumption of constant angular rotation for a given spectral type is somewhat 
crude and has to be discussed. It is currently believed, from observations of rotation 
velocities of T Tauri and main-sequence stars and from theories of angular momentum 
loss, that stars first accelerate during the T Tauri phase due to their contraction, and 
then decelerate due to magnetically driven mass loss (see Schatzman, 1990). The outer 
convection zone is probably first decelerated in a short time scale (about 107 years), 
and then angular momentum is transported inside the star so that it finally rotates 
approximately as a solid body. This seems to occur in a time scale shorter than 
the age of the Hyades (Kawaler, 1988). Computations of lithium destruction in pre 
main sequence stars may be found in D'Antona and Mazzitelli (1984) and Proffitt et 
al (1989)). Without "extra mixing" (other than convection), the effect is negligible. 
Computations of lithium destruction induced by rotation in these stars are not yet 
available. Pinsonneault et al (1989) have modelized the mixing induced by transport 
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F i g u r e  4. Theoretical lithium abundance curves in main sequence population I stars computed 
in ~he frame of Zahn's theory, with a semi-implicit numerical diffusl~on code. The convection 
zones are computed within the mixing length approximation, with a,  ratio of the mixing length 
to the pressure scale height, of 1.5. Curves are drawn for 8 x 10 7 yrs, 8 x l0 s yrs and 4 x 10 ° 
yrs. (after Charbonnel, Vauclair and Zahn, 1990). 

of angular  m o m e n t u m  in solar type stars and its incidence on the l i thium abundance.  
If  the t ranspor t  of angular  m o m e n t u m  was due to plain turbulence,  no l i thium would 
be left in solar type stars. Assuming that  the t ranspor t  of ma t t e r  is propor t ional  to 
the t ranspor t  of angular  momen tum,  they show that ,  for l i thium to be depleted by 
one hundred as observed in the sun, the efficiency of ma t t e r  mixing must  be 50 t imes 
smaller than  the efficiency of angular m o m e n t u m  t ranspor t .  The assumpt ion  of constant  
rotat ion velocity in stars of a given spectral  type requires a negligible ma t t e r  mixing 
during the phase of angular  m o m e n t u m  t ranspor t .  This would be the case, for example,  
if this t ranspor t  was essentially induced by a magnet ic  field inside the star. 

Tile two approaches for the explanation of the l i thium gap by nuclear destruct ion and 
mixing differ for what  concerns the blue side, and the fact tha t  the l i thium abundance  is 
normal  in hot F stars.  Charbonneau  and Michaud (1988) have computed  the radiat ive 
acceleration on l i thium in F stars and argue tha t  it can then compete  with the effect 
of the meridional  circulation: in spite of this circulation, l i thium do not fall down and 
so it may  remain  unchanged in the outer  layers. Vauclair (1988) have noticed tha t  two 
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s e p a r a t e  zones of  m e r i d i o n a l  c i r cu la t ion  m a y  deve lop  in r o t a t i n g  s t a r s ,  t he  s e p a r a t i o n  
occu r ing  a t  t he  l ayer  for which:  

~2/4~rGp = 1 

where  ~ is t he  a n g u l a r  r o t a t i o n  ve loc i ty  a n d  p the  de ns i t y  in t he  cons ide red  layer  (Von 

Zeipel ,  1924; P a r l o r  and  Yakovlev ,  1977). 
Th i s  "qu ie t  zone" lies ins ide  t he  convec t ion  zone for cool s t a r s ,  a n d  ge ts  ou t  of i t  j u s t  

for the  effect ive t e m p e r a t u r e  c o r r e s p o n d i n g  to  t he  gap  (f igure 5). I t  seems thus  poss ib l e  
t h a t  m a t t e r  is no t  m i x e d  be tween  the  convec t ion  zone a n d  the  nuc l e a r  d e s t r u c t i o n  layers  
for s t a r s  h o t t e r  t h a t  the  gap .  However  M i c h a u d  a n d  C h a r b o n n e a u  (1990) have  p o i n t e d  
ou t  t h a t  the  th ickness  of  th i s  quie t  zone is t oo  smal l  to  p r e ve n t  diffusion be tw e e n  the  
two loops  of m e r i d i o n a l  c i r cu la t ion .  More  work  is be ing  done  on th is  s u b j e c t .  
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F i g u r e  5. Posit ion of the "quiet zone" bet:ween the two loops of meridional circulation in 
popula t ion  I main sequence stars. The ordinate  represents the rat io of the external mass to 
the mass of the star.  The solid line is the bo t tom of the outer convection zone for a = 1.9. The 
dashed line is the bo t tom of the mixed zone if overshooting is added over one pressure scale 
height. The dot ted  line represents the position of the "quiet zone" if the star  rotates with a 
velocity of 100 Km.s -1 . The ends of the arrows show the posit ion of this zone when the stars 
rotates at the present Hyades velocities : 50 Km.s -1 for the first one on the left (1.35 M®), 30 
Km.s -1 for the second one (1.3 M®) and 10 Km.s -1 for the other ones (in this case the end 
of the arrows are off scale). (after Charbonnel, Vauclair and Zahn, 1990). 
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Another problem remains, which has been pointed out by Michaud (private 
communication). If either the Tassoul and Tassoul meridional circulation theory or 
the Zahn rotationMly induced turbulence theory are extrapolated for A stars, it seems 
that the macroscopic motions are too large to allow gravitationaly and radiatively driven 
diffusion. ConstrMnts on the turbulent diffusion coet~cients which could allow selective 
diffusion have been given by Michaud et al (1976) and Vauclair et al (1978). The most 
constraining elements are those which appear as underabundant: they may be depleted 
only in a smM1 fraction of the star, where they are in the noble gas configuration, 
and turbulence can rapidly transform an underabundace in an overabundance. The 
observations of calcium and scandium in Am stars (Cayrel de Strobel, 1990) are 
extremely important in that respect. 

In summary, a lot of work is still needed both on the observational and on the 
theoretical sides to reach a consistent view of the stellar hydrodynamics. The present 
situation looks like a big jig-saw puzzle whose pieces are not yet in place, but for which 
the astrophysical community has made much progress during the recent years. 
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C O N C L U S I O N  

The meeting ended with an informal session, held outdoor  in the resplendent 
Sun, during which the participants drew the conclusions of what they had heard 
and understood.  Most of those conclusions have been incorporated in the individual 
contributions of these proceedings, and it suffices to summarize the most salient remarks. 

As could be expected, the need for more complete, more homogeneous and more 
precise observations was stressed. Of the rotat ion rates, which can now be inferred 
from spectral variations, when there are some irregularities at the surface of the stars. 
Of the accretions disks surrounding the young stars, trying to determine when they 
disappear in the course of the evolution. Of the li thium abundance (both isotopes) in 
stars of all ages, including binaries; comparing similar stars, such as the solar analogues. 
Of the beryll ium abundance,  whenever that  determinat ion is possible. Of the l i thium 
abundance in the interstellar medium, in the Magellanic Clouds. 

On the theoretical side, it was felt that  much effort should go into securing a bet ter  
description of the dynamics and the hydrodynamics in convective envelopes. How can 
turbulence be characterized there? Where is the magnetic field generated? What  picture 
can we draw of the region which is just below a convection zone? What  is the precise 
role of rotation, of differential rotat ion? How is the loss of angular momentum linked 
with the intensity of the magnetic field and with the rotat ion rate? 

We decided to gather again with Evry Schatzman, in a not too distant future,  
hopefully to rejoice over the progress made meanwhile in answering all these questions. 

Jean-Paul  Zahn 
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